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1. Introduction 

Sasakian geometry is the odd dimensional cousin of the Kahler geometry. Per- 
haps the most straightforward definition is the fohowing: a Riemannian manifold 
{M,g) is Sasakian if and only if its metric cone (C(M) = R+ x M,g = dr^ + r^g) 
is Kahler. A Sasakian-Einstein manifold is a Riemannian manifold that is both 
Sasakian and Einstein. There has been renewed extensive interest recently on 
Sasakian geometry, especially on Sasakian-Einstein manifolds. Readers are referred 
to recent monograph Boyer-Galicki [4], and recent survey paper Sparks [60] and the 
references in for history, background and recent progress of Sasakian geometry and 
Sasaki-Einstein manifolds. 

The Sasaki-Ricci flow is introduced by Smoczyk- Wang-Zhang [61] to study the 
existence of Sasaki-Einstein metrics, more precisely, the rj-Einstein metrics on 
Sasakian manifolds. On a Sasakian manifold, there is a one-dimensional foliation 
structure J^^ determined by the Reeb vector filed ^. The transverse structure of the 
foliation is a transverse Kahler structure. And the Sasaki-Ricci flow is just a trans- 
verse Kdhler-Ricci flow which deforms the transverse Kahler structure along its 
(negative) transverse Ricci curvature on Sasakian manifolds. In particular, short- 
time and long time existence of the Sasaki-Ricci flow are proved and convergence to 
an ?7-Einstein metric is also established when the basic first Chern class is negative 
or null [61], which can be viewed as an odd-dimensional counterpart of Cao's result 
[12] for the Kahler-Ricci flow. 

For Hamilton's Ricci flow, Perelman [47] introduced a functional, called the W 
functional, which is monotone along the Ricci flow and has tremendous applications 
in the Ricci flow. As an application to Kahler geometry, Perelman proved deep 
results in Kahler-Ricci flow when the flrst Chern class is positive. For example, 
he proved that the scalar curvature and the diameter are both uniformly bounded; 
readers are referred to Sesum-Tian [58] for details. Perelman's results strengthen 
the belief of Hamilton-Tian conjecture which states that the Kahler-Ricci flow would 
converge in some fashion when the first Chern class is positive. 

In this paper we will study the Sasaki-Ricci flow when the first basic Chern 
class is positive. First of all, we introduce an analogue of Perelman's W functional 
on Sasakian manifolds, which is monotone along the Sasaki-Ricci fiow. Then as 
in the Kahler setting [58], we prove that the transverse scalar curvature and the 
diameter are both uniformly bounded along the Sasaki-Ricci flow. The frame work 
of the proof is very similar as in the Kahler setting [58]. But there is a major 
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difference for W functional on Sasakian manifolds and Kahler manifolds, namely, 
the W functional on a Sasakian manifold is only involved with basic functions. 
While the distance function, for example, is not a basic function. To overcome 
this difficulty, we introduce a transverse distance on Sasakian manifolds, or more 
precisely, on quasi-regular Sasakian manifolds and we will see that the Sasakian 
structure plays a central role. Nevertheless, this allows us to prove the results 
along the Sasaki-Ricci flow on quasi-regular Sasakian manifolds, such as the uni- 
form bound of transverse scalar curvature and the diameter along the flow. For 
irregular Sasakian structures, one can approximate the irregular structure by quasi- 
regular structures, using Rukimbira's results [53]. Using the estimates in [61], the 
corresponding Sasaki-Ricci flow for irregular structiirc can be approximated by the 
Sasaki-Ricci flow for quasi-regular structure. One observation is that the transverse 
geometric quantities are uniformly bounded under the approximation, such as the 
transverse scalar curvature. With the help of this approximation, one can show the 
transverse scalar curvature is uniformly bounded along the Sasaki-Ricci flow for 
irregular structure. To show the diameter is uniformly bounded, we need the fact 
that on any compact Sasakian manifold (or more generally, on compact K-contact 
manifold), there always exists closed orbits of the Reeb vector fleld ([2], see [54, 55] 
further development also). Our results give some evidence that the Sasaki-Ricci 
flow would converge in a suitable sense to a Sasaki-Ricci solition [61]. As a direct 
consequence, we can prove that the Sasaki-Ricci flow exists for all positive time and 
converges to a Sasaki-Ricci soliton when the dimension is three. This result was 
announced in [67]. 




The Frankel conjecture states that a compact Kahler manifold of complex dimen- 
sion n with positive bisectional curvature is biholomorphic to the complex projec- 
tive space CP". The Frankel conjecture was proved by Siu-Yau [59] using harmonic 
maps and Mori [44] via algebraic methods. There have been extensive study of 
Kahler manifolds with positive (or nonnegative) bisectional curvature using the 
Kahler-Ricci flow, for example to mention [1, 42, 16, 13, 48] to name a few. Since 
the positivity of bisectional curvature is preserved [1, 42], the Kahler-Ricci flow will 
converge to a Kahler-Ricci soliton if the initial metric has nonnegative bisectional 
curvature [13]. Recently Chen-Sun-Tian [15] proved that a compact Kahler-Ricci 
soliton with positive bisectional curvature is biholomorphic to a complex projective 
space without using the resolution of the Frankel conjecture. Hence their result 
together with the previous results gives a proof of the Frankel conjecture via the 
Kahler-Ricci flow. 

It is then very natural to study the Sasakian manifolds with positive curva- 
ture in suitable sense. We use the Sasaki-Ricci flow to study Sasakian manifolds 
when the transverse holomorphic bisectional curvature is positive. The transverse 
(holomorphic) bisectional curvature is deflned to be the bisectional curvature of 
the transverse Kahler structure. Following the proof in the Kahler sotting [1, 42], 
one can show that the positivity of transverse bisectional curvature is preserved 
along the Sasaki-Ricci flow. It follows that the transverse bisectional curvature is 
bounded by its transverse scalar curvature, hence it is bounded. It then follows 
that the Sasaki-Ricci flow will converge to a Sasaki-Ricci soliton in suitable sense. 
It would then be very interesting to classify Sasaki-Ricci solitons with positive (or 
nonnegative) transverse bisectional curvature. The success of the classiflcation of 
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Sasaki-Ricci solitons with positive (or nonnegative) transverse biscctional curva- 
ture would lead to classification of Sasakian manifolds with positive (nonnegative) 
transverse bisectional curvature, parallel to the results in [59, 44, 1, 42]. 

The organization of the paper is as follows: in Section 2 and Section 3, we 
summarize definition and some facts of Sasakian manifolds, the transverse Kahler 
structure and the Sasaki-Ricci flow. In Section 4 we introduce Perelman's W func- 
tional on Sasakian manifolds and prove that it is monotone along the Sasaki-Ricci 
flow. In Section 5 we prove that the Ricci potential and the transverse scalar cur- 
vature are bounded in terms of the diameter along the flow. This section is pretty 
much the same as in the Kahler setting [58] . In Section 6 we prove that the diam- 
eter is uniformly bounded along the Sasaki-Ricci flow if the Sasakian structure; is 
regular or quasi-regular. In Section 7 we use the approximation mentioned above 
to prove that the diameter is uniformly bounded along the flow if the Sasakian 
structure is irregular. In Section 8 we study the Sasaki-Ricci flow for the initial 
metric with positive (nonnegative) transverse bisectional curvature; in particular 
we prove that the Sasaki-Ricci flow converges to a Sasaki-Ricci soliton with such an 
initial metric. In appendix we summarize some geometric and topological results 
of Sasakian manifolds with positive transverse bisectional curvature. 

Remark 1.1. On Mar 29th, 2011, about one day before this article posted on 
arxiv.org, I found T. Collins posted his paper arXiv:1103.5720 in which he proved 
that Perelman's results on Kahler-Ricci flow can be generalized to Sasaki-Ricci flow. 
I saw his paper before I posted this article which has a substantial overlap on gen- 
eralization of Perelman's results to Sasaki-Ricci flow. 

Acknowledgement: The author is grateful for Prof. Xiuxiong Chen and Prof. 
Jingyi Chen for constant support. The author is partially supported by an NSF 
grant. 

2. Sasakian Manifolds 

In this section we recall definition and some basic facts of Sasakian manifolds. 
For instance, the recent monograph [4] is a nice reference for the details. Let 
(M, g) be a 2n -|- 1 dimensional smooth Riemannian manifold (M is assumed to 
be oriented, connected and compact unless specified otherwise), V the Levi-Civita 
connection of the Riemannian metric g, and let R{X, Y) and Ric denote the Rie- 
mannian curvature tensor and the Ricci tensor of g respectively. A Riemannian 
manifold {M,g) is said to be a Sasakian manifold if and only if the metric cone 
(C(M) = M xR+,g = dr'^ + r'^g) is Kahler. M is often identified with the sub- 
manifold M X {1} C C(M) (r = 1). Let J denote the complex structure of C(M) 
which is compatible with g. A Sasakian manifold (M, g) inherits a number of geo- 
metric structures from the Kahler structure of its metric cone. In particular, the 
Reeb vector field ^ plays a very important role. The vector filed ^ is defined as 
^ = J{rdr). This gives a 1-form r]{-) = r~'^g{^, •). We shall use (^, r?) to denote the 
corresponding vector filed and 1-form onM = Mx{l}. One can see that 

• ^ is a Killing vector field on M and i| J = 0; 

• r]{O = l,iidr,{-) = dr,{^,-)=0; 

• the integral curves of ^ are geodesies. 



4 



WEIYONG HE 



The 1-form rj defines a vector sub-bundle V of the tangent bundle TM such that 
D = ker{r}). There is an orthogonal decomposition of the tangent bundle 

TM = V®L£,, 

where is the trivial bundle generalized by ^. We can then introduce the (1,1) 
tensor field $ such that 

^{i) = and = JX, X e r(p), 

where M is identified with M x 1 c C{M). One can see that $ can also be defined 
by 

= Vx€,Xer(TM). 

One can check that $ satisfies 

$2 = _/ + ^ ^ ^ and g{^X, ^Y) = g{X, Y) - r]{X)rj{Y). 

Moreover $ is compatible with the 2-form drj 

dr]{^X,^Y) = dr]{X,Y),X,Y e T{TM). 

One can also check that 

g{X,Y) = ^dv{X,^Y),X,Y e r{v). 

Hence dr] defines a symplectic form on T>, and ry is a contact form on M since 
rj A {■^drfj is the volume form of g and is then nowhere vanishing. The following 
proposition shows some equivalent descriptions of a Sasakian structure. The proof 
can be found in [4] (Section 7). 

Proposition 2.1. Let {M,g) be a 2n + l dimensional Riemannian manifold. Then 
the following conditions are equivalent and can be used as the definition of a Sasakian 

structure. 

(1) (C(M) ^ M xR+,g = dr^ + r^g) is Kdhler. 

(2) There exists a Killing vector filed ^ of unit length such that the tensor field 
$(X) = Wx^ satisfies 

{Vx'^){Y)=g{i,Y)X-g{X,Y)t 

(3) There exists a Killing vector filed ^ of unit length such that the curvature 
satisfies 

R{X,OY = g{i,Y)X-g{X,Y)£,. 

Recall that the Rccb vector field ^ defines a foliation of M through its orbits. 
There is then a classification of Sasakian structures according to the global property 
of its orbits. If all the orbits are compact, hence circles, then ^ generates a circle 
action on M . If the circle action is free, then M is called regular. If the circle action 
is only locally free, then M is called quasiregular. On the other hand, if ^ has a 
non-compact orbit the Sasakian manifold is said to be irregular. We conclude this 
section by introducing the following structure theorem of a quasiregular Sasakian 
structure (see [4], Theorem 7.1.3). 

Theorem 2.2. Let {M,^,r],^,g) be a quasi-regular Sasakian manifold with com- 
pact leaves. Let Z = MjT^ denote the space of leaves of the Reeb foliation 
Then 

(1). The leaf space Z is a compact complex orbifold with a Kdhler metric h and 
the Kdhler form oj, which defines an integral class [oj] in Hg^i^{Z,Z). The canonical 
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projection tt : (M, g) — > (Z, h) is an orbifold Riemannian submersion. The fibers of 
TT are totally geodesic submanifolds of M diffeomorphie to . 

(2) . M is the total space of a principle -orbibundle over Z with connection 
1-form T] whose curvature dr] = 7t*u). 

(3) . If the foliation is regular, then M is the total space of a principle S^- 
bundle over the Kdhler manifold {Z,h). 

3. Transverse Kahler Structure and the Sasaki-Ricci Flow 

In this section we recall the transverse Kdhler structure of Sasakian manifolds, 
which is a special case of transverse Riemannian structure. We shall introduce 
the transverse Kahler structure both globally (coordinate free) and locally (in local 
coordinates). These two description are equivalent and readers arc referred to [4], 
Section 2.5 for some more details about transverse Riemannian structure. 

Let M be a Sasakian manifold with (^, /;,$,£(). Recall that T) = ker{ri) is a 2n 
dimensional subbunble of TM. If we denote 

J ■■= ^\t>, 

then J is a complex structure on V and it is compatible with drj. Hence (2?, J,dr]) 
defines a Kahler metric on D. Wc define the transverse Kahler metric (/"^ as 

(3.1) g^{X, Y) = idry(X, <^Y),X, Y e T{V). 

The metric g^ is related to the Sasakian metric g by 

(3.2) g = g^ + n®r]. 

Prom the transverse metric 5^, we can define a connection on V by 

^lY ^{VxYf ,X,Y €T{V) 

VjY = [i,YY>,Y &T{V), 

where X'p denotes the projection of X onto T>. One can check that this connection 
is the unique torsion free such that V'^g^ = 0. The connection V"^ is called the 
transverse Levi-Civita connection. Note that by Proposition 2.1 (2), one can get 
that 

V'^J = 0. 

We can further define the transverse curvature operator by 

(3.4) R^{X, Y)Z = V^V^Z - V^VjZ - vJx,y]Z- 
One can easily check that 

R^{X,£,)Y = 0. 
Also when X, Y, Z,W d r(2?), we have the following relation 

(3.5) RiX,Y,Z,W) ^ R^{X,Y,Z,W)-g{<S>Y,W)g{<^X,Z)+g{<^X,W)g{<^Y,Z). 
The transverse Ricci curvature is then defined by 

Ric^iX, Y) = Y,9 ei)ei, Y) =Y,9'^ {R^{X, e,)e„ Y) , 

i i 

where {cj} is an orthonormal basic of V. When X,Y G r(-D), one can get that 

(3.6) Ric'^iX, Y) = Ric{X, Y) + 2g{X, Y) = Ric{X, Y) + 2g^{X, Y). 
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Hence for the transverse scalar curvature one can get that 
(3.7) R^ = R + 2n. 

Definition 3.1. A Sasakian manifold is r]-Einstein if there are two constants A 
and fj, such that 

Ric = \g + fxr] ® rj. 

By Proposition 2.1, we have Ric{^, ^) = 2m, hence A + /x = 2n. 

Definition 3.2. A Sasakian manifold is transverse Kdhler- Einstein if there is a 
constant A such that 

Ric^ = \g^. 

By (3.6), a Sasakian manifold is ry-Einstein if and only if it is a transverse Kahler- 
Einstein. 

Definition 3.3. A Sasakian manifold {M,g) is Sasakian-Einstein if Ric = 2ng. 

Note that a Sasakian manifold which is Sasakian-Einstein is necessary Ricci 
positive. 

We shall also recall the Sasakian structure and its transverse structure on local 

coordinates. For the details, sec [26] (Section 3) for example. Let (M, ^, ry, $, g) be 
the Sasakian metric and let be the transverse Kahler metric. Let Ua be an open 
covering of M and tTc : — ^ ^ C C" submersions such that 

TTa O TtJ^ : TTp{Ua H Up) 7r„(J7a H Up) 

is biholomorphic when Ua r\ Up is not empty. One can choose local coordinate 
charts (zi,--- , Zn) on Va and local coordinate charts {x,zi,--- ,Zn) on Ua C M 
such that ^ = dx, where we use the notations 

d = — d= — d=d- = — = — 
^ 9a;' ' dzi^ ■' dzj dzj 

The map tt^ : (x, zi, • • • , z„) {zi, ■ ■ ■ , Zn) is then the natural projection. There 
is an isomorphism, for any p £ Ua, 

Hence the restriction of (/ on 2? gives a well defined Hermitian metric (/^ on Va 
since ^ generates isometries of g. One can actually verify that there is a well 
defined Kahler metric 5^ on each Va and 

TTa o n^^ : npiUa n Up) na{Ua n Up) 

gives an isometry of Kahler manifolds {Va,ga)- The collection of Kahler metrics 
{ga} on {Va} can be used as an alternative definition of the transverse Kahler 
metric. This definition is essentially just the description of a transverse Riemannian 
geometry of a Riemannian foliation in terms of Haefliger cocycles, see [4] Section 2.5 
for more details. We shall also use Vj, Rl{X,Y),Ricl and R^ for its Levi-Civita 
connection, the curvature, the Ricci curvature and the scalar curvature. The two 
definition of the transverse Kahler structure arc actually equivalent. We can see 
that (Vi^C)'^^'^^ is spanned by the vectors of the form {di + aidx}, 1 < i < n, where 
a, = —r]{di). It is clear that 



dri{di + aidx, dj + ajd^) = dr]{di, dj), 
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Hence the Kahler form of on Va is then the same as \dr] restricted on the shce 
{x = constant} in f/^. Moreover for any p G Ua and X,Y G Dp, we have 

g^{X,Y) = gl{diT^{X),d-K^{Y)). 

Hence d-Wa ■ Vp T^^(p)V^ gives the isometry of on Vp and g'^ on T^^(^p)Va for 
any p G Ua- For example one can easily check the following. For X,Y,Z e r(2?) 
and Xa = diTaiX) e TVa, 

diT^ {S/lY) = (Vl)^^ r„ = dlTa^iVxY), 

diTo, {R^iX,Y)Z) = 

In this paper we shall treat the transverse Kahler metric by these two equivalent 
descriptions. For example, one can then easily verify curvature identities for 
since is actually the curvature of the Kahler metric g]^ on Va- And it is very 
convenient to do local computations using g]^ on Va. While when we deal with 
some global features of g^. such as integration by parts, we shall use g-^. For 
simplicity, we shall suppress the index a without emphasis even when we do local 
computations on Va- 

Definition 3.4. A p-form 9 on M is called basic if 

L^e = 0, L^e = 0. 

Let be the sheaf of germs of basic p-forms and Cl^ = T{S, A^) the set of sections 
of^V 

The exterior differential preserves basic forms. We set ds = d\QV . Thus the sub- 
algebra ilsiJ^^) forms a subcomplex of the de Rham complex, and its cohomology 
ring Hg{T{) is called the basic cohomology ring. In particular, there is a transverse 
Hodge theory [23, 33, 66]. The transverse Hodge star operator *s is defined in 
terms of the usual Hodge star by 

*BOi = *{rj A a). 

The adjoint d*^ : fi^ — >■ flP~^ of ds is defined by 

d*B = — *B dB *B • 

The basic Laplacian operator Ab = dBdg + d^dB. The space 'H^(J-j) of basic 
harmonic p-forms is then defined to be the kernel of As : Cl^. The 

transverse Hodge Theorem [23] then says that each basic cohomology class has a 
unique harmonic representative. 

When (M, ^, 77, g) is an Sasakian structure, there is a natural splitting of A^ C 
such that 

AP (»C = ®A'^^ 

where A^-' is the bundle of type basic forms. We thus have the well defined 
operators 

dB : iTs' ^ 
Bb : ^Tb' ^ ^b'^'- 
Then we have dB = Bb + Bb- Set d^ = |\/— T {Bb — 9b) . It is clear that 
rfB^B = y/^BBBB,d% = {d%f = 0. 
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We have the adjoint operators 



and 



= — *B °dB °*B '■ 



— — ^<JB ^ '^B ■ '''■B ~^ "B 

of ds and Bb respectively. For simplicity we shall use d, B, B* and d* if there is not 
confusion. We can define 

Af = 88* + 8*8, A| = 88* + 8*8. 
We define the operator L : fi^-' — > il^^^'^^^ by 

La = a A ■^'^V^ 
and its adjoint operator A : O^^'-'"''^ — >■ fl^^ by 

A = — *B °L o *B 

As usual, one has 

Proposition 3.5. On a Sasakian manifold, one has 

(3.8a) {A,8] = -V^B*, 

(3.8b) [A,B] = V^d*, 

(3.8c) 88* + 8*8 = 8*8 + 88* = 0, 

(3.8d) AB = 2Af=2A|. 

We shall also define the transverse Laplacian A^ for basic functions and basic 
forms as 



A^ = lg^VjVj + VjVj) 



The operator A-^ on basic forms is well-defined. This can be seen easily from the 
description of the transverse Kahler structure in terms of Haefliger cocycles. For 
basic functions, we have 

Now we define a 2-form called the transverse Ricci form as follows. 

pI = -^/^^Blogdet{gl). 

One can see that the pull back forms tt*/?^ patch together to give a global basic 
2-form on M, which is denoted by . As in the Kahler case p^ is closed and 
define a basic cohomology class of type (1, 1). The basic cohomology class [p^]is 
independent of the choice of transverse Kahler form in the space of Sasaki space. 
The basic cohomology class [p'^]/2n is called the basic first Chern class of M, and 
is denoted by cf (M). If there exists a transverse Kahler Einstein with Ric^ = Ap^ 
for some constant A, then cf = \[dri]B- This implies that cf definite depending 
on the sign of A and ci{D) = (see [26, 4] for example). As was pointed out 
by Boyer, Galicki and Matzeu [6], in the negative and zero basic first class case 
with ci{D) = the results of El Kacimi-Alaoui [22] together with Yau's estimate 
[69] imply that the existence of transverse Kahler-Einstein metric. The remaining 
case is cf = \[dr}]B,)^ > and this is the case which is related closely to the 
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Sasaki-Einstein metrics. In this case, F\itaki-Ono-Wang [26] proved that there is 
a Sasaki-Ricci soliton in cf if M is toric in addition; by varying the Reeb vector 
field, they can prove the existence of a Sasaki-Einstein metric on M . 

It is natural to deform one Sasakian structure to another, for example, to find 
Sasaki-Einstein metrics. There are many natural ways to deform a Sasakian struc- 
ture, see [7] for example. In the present paper, we focus on the Sasaki-Ricci flow 
introduced in [61], 

(3.9) = / - \mc^, 

where A is a positive constant if cf > 0. By the so-called D-homothetic deformation, 
which is essentially just a rescaling of the transverse Kahler structure such that the 
new metric is still Sasakian, 

fj = ar],^ = a~^^, ^ = = ag + a{a — l)r] (g) r], 

we can assume that A = 1. Roughly speaking, the Sasaki-Ricci flow is to deform a 
Sasakian metric in such a way that the transverse Kahler metric is deformed along 
its Ricci curvature. In particular, it induces a Kahler-Ricci flow 

d rp rp r>- T 

on each V^. To study the Sasaki-Ricci flow, we are also interested in the space of 
Sasakian metrics 

^ = G C^{M), 71^ A {dn^r ^0,V<p=V + d%4>}. 

This space is studied by Guan-Zhang [31, 32] and it can be viewed as an analogue 

of the space of Kahler metrics in a fixed Kahler class [38, 56, 19]. For any (f> E H, 
one can define a new Sasaki metric (r]^,^,K^,g^) with the same Reeb vector field 
^ such that 

ri^ = r] + d%4>, K^ = K -^(g) d%(j) o K. 
In terms of the potential (f), one can write the Sasaki-Ricci flow [61] as 

where F satisfies 

p'^ -dri = dBd%F. 

4. Perelman's yy Functional on Sasakian Manifolds 

In this section we show that Perelman's W functional [47] has its counterpart on 
Sasakian manifolds. First we go over Perelman's W functional on Kahler manifolds. 
In particular wc repeat some computations of W functional when the metric g is 
only allowed to vary as Kahler metrics, which would be used when we consider W 
functional on Sasakian manifolds. On Sasakian manifolds, a natural requirement 
is that the functions appear in W functional are basic. This requirement fits the 
Sasakian structure very well and W functional behaves well under the Sasaki-Ricci 
flow. More or less, it can be viewed as Perelman's W functional for the transverse 
Kahler structure. Certainly there are some different features in the Sasakian setting. 
For example, the Sasakian structure is not preserved under scaling and the W 
functional on Sasakian manifolds is not scaling invariant either. 
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First we recall the Perelraan's W functional when {M,g) is assumed to be a 
compact Kahler manifold of complex dimension n. Recall the W functional, for 
r > 0, 

(4.1) /, r) = / {t{R + I V/|2) + /) e-W-^dV, 

J M 

where / e C°°{M) satisfies the constraint 



Let z = {zi,Z2,-" >Zn) be a holomorphic coordinate chart on M. We use the 
notation 

|V/|' = g'^fifj = fih, 
where wc use g^j to denote the metric g and to denote its inverse. 

Suppose St = a, 6f = h , Sg^j = Vfj and v = g^^Vfj. We also have 5dV = vdV. 
Note that we assume there is for some function tp, at least locally, such that = 
didjip. Hence we will have v^jj = v^i. 

Proposition 4.1. We have the following first variation ofW, 



(4.2) 



SW{g, f,T)= [ {u{R + A/) - TVfliRfj + fij) + h) r-^e-^dV 
Jm 

+ [ (2A/ - fjj + R)(v~h- nuT-^) T-^e-fdV. 
Jm 



Proof. Since wc shall use this computation in the Sasakian setting, we include the 
computations as follows. Wo compute 

6R = —Vj^R,fj — Av, 

S{9''f^fJ)^-VfififJ+f^hi + hifJ, 

5{T-''e-Uv) = {v-h- nGT-^)T-''e-^dV, 
where we use the following notation for tensors 

{vq, Rfj) = vq Rf-ig^^ g'^-' = v-^Rq. 

Hence we compute 

5W= f {a{R+ f^fj) + h)T-''e-^dV 
Jm 

(4.3) + / T{-Vfl{Rq + fif^)-Av + fihi + hifi)T-^e-fdV 

Jm 

+ [ {t{R + f,fj) + f){v-h-naT-^)T-''e-^dV. 
Jm 

Wo can compute, integration by parts, 

(4.4a) I Ave-i'dV= [ v{Ae-^)dV = I v{-Af + fifj)e-f dV, 

Jm Jm Jm 

(4.4b) / ifihj + hifi)e-UV = -2 / h{Af - fif^e-^dV, 

Jm Jm 

(4.4c) / VfJqe-^dV = [ VfJifje-^dV + [ v{Af - fifj)e-fdV. 

Jm Jm Jm 



SASAKIAN GEOMETRY AND THE SASAKI-RICCI FLOW 



11 



Applying (4.4) to (4.3), then straightforward computations show that 
5W{g, f,T)= [ {a{R + A/) - rvjjiRfj + f,j) + h) T-^e-^dV 

JM 

+ j (t(2A/ - fif- +R) + f)(v-h- nar-') T-^e-^dV, 
Jm 

where we have uses the fact that 

/ e-f{Af-fJ.)dV = 0. 
Jm 



□ 



If we choose 

Vfj = ^gj-j - {Rfj + fij), h = v- n<TT~'^ = An - nar''^ -{R+ A/), 
where A is a constant in (4.2). It then fohows that 



5yV{gJ,T)^ / {T\Rfj+ -{\T-a + l){R + Af) + \n-naT-^)—dV 
„ , Ar-g + l ^ 



M 



T-^'+^e-fdV -—{\T-a-lf. 
At 



We choose cr = Ar — 1, then we get 



(4.5) 



Ra + }a-r-'9i^ T 



-n+l . 



-^dV. 



M 



Wc then consider the following evolution equations, which is the coupled Kahler- 
Ricci flow, 



(4.6) 



9ij ^ijf 



dt 

^ =nT-^-R-Af + fifj, 



dr 
'dt 



= T- 1. 



Proposition 4.2. Under the evolution equations (4.6), we have 
dW 



(4.7) 



dt 



Jm 



9ii T 



-^dV- 



M 



Proof. This is Perelman's formula on Kahler manifolds. We will include the com- 
putations here since the similar computations are needed for the Sasakian case. By 
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(4.2) and (4.6), we compute 
dW 
dt 



(4.8) 



I M 

We then observe that 



= / ((r - l)(i?^ + A/) + T(i?,j - gi.){R-i^ + h^)) r-^e-^dV 

+ [ (nr-i -R-Af + fif-) T-^e-^dV 

+ / (r (2A/ - fjj + R) + f ) (A^/ - M)T-'^e-fdV 

= / \Rfj + ffj - T-'gfj\\-^+'e-fdV 
Jm 

-[ ffj{Rij+hj)T-''+^e-i'dV + [ fifiT-"e-fdV 
Jm Jm 

+ f (t (2A/ - f,f- +R) + f) (A/ - f,f-)T-^e-fdV. 
Jm 



[ /(A/ - me-fdV = - [ fAie-f)dV 
Jm Jm 

(4.9) = - / Afe-fdV 

Jm 

= - [ fihe-^dV. 
Jm 



We claim that 



(4.10) 



+ hjy-^'dV = / (2A/ - f^fj + R) (A/ - hh)e'fdV 
m Jm 

- [ \fijfe-fdV. 
Jm 



The proof is complete by (4.8), (4.9) and (4.10). To prove (4.10), we compute, 
integration by parts, 

/ ffj{Rij + hj)e-UV= ( {-fi{R.. + f..)-. + f^f-.{R.. + f-..))e-fdV 
Jm Jm 

(4.11) = / (-/.(i?j + {Af)j) + Jifj{Rj^ + 4)) e-UV 
Jm 



[ (A/ - fif-){R + A/) + fif-jiRjj + 40) e-^dV. 
Jm 

We can then compute that 

(4.12) / fifjfije-fdV= f {-f,jf-.f.-Af\Vff + \S7f\^)e-fdV. 

Jm Jm 

Wc also have 

(4-l>5) Rijfi — fiji ~ fiij- 

Hence we get that 

/ fif-jRije-UV = [ fjifi^i - fu,)e-fdV 

(4.14) 

= [ {-\fij\^ + fijfif] + {Aff-Af\Vff)e-fdV. 
Jm 
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By (4.12) and (4.14), wc get hat 

/ fifj{Rij+fij)e-^dV= [ {{Af-\Wf\'f-\fij\')e-fdV. 
Jm Jm 

This with (4.11) proves the claim. □ 

From (4.7), it follows directly that W is strictly increasing along the evolution 
equations (4.6) unless 

Rij + f{] - T'^9tj 0, = 0, 

which implies that V/ is a (real) holomorphic vector field and g is a Kahler-Ricci 
(gradient-shrinking) soliton. 

Now we consider that (M, ^, r], 5) is a 2n + 1 dimensional Sasakian manifold. 

Let 

(4.15) w{g,f,T)= [ {t{R^ +\Vf\^) + f)e-fdV, 

Jm 

where / e C^{M) (namely d/(^)=0) and satisfies 

(4.16) / r-"e-/dy = l. 

For / basic, |V/p = |V"^/p = g^^fif]- Recall that is the transverse scalar 
curvature and satisfies 

= R + 2n. 

So W functional in (4.15) can be viewed as Perelman's W functional restricted 
on basic functions and transverse Kahler structure. Note that the normalization 
condition (4.16) is not exactly the same as in Perelman's W functional; in particular, 
W functional is not scaling invariant and is not invariant under iP-homothetic 
deformation either. 

When / is basic, one can see that the integrand in (4.15) is only involved with 
the transverse Kahler structure. Hence when we compute the first variation of W, 
all the local computations are just mimic the computations as in the Kahler case. 
Under the Sasaki-Ricci flow, the Reeb vector field and the transverse holomorphic 
structure are both invariant, and the metrics are bundle-like; we shall see that 
when one applies integration by parts, the expressions involved behave essentially 
the same as in the Kahler case. Hence we would get the similar monotonicity for 
W functional along the Sasaki-Ricci flow. 

One can choose a local coordinate chart {x,zi, - ■ ■ , Zn) on a small neighborhood 
U such that (see [29] for instance) 

n = dx — (Gidzi — Gidzi) 

(4.17) \ 

^ ' $ = (Xj (g) dzj - Xjdz-j) 

g = ri(E)ri + gj-jdzi ® dzj, 

where G : [/ ^ R is a (local) real basic function such that dxG = 0, and we use the 
notations Gi — diG,Gj = djG, Xj = di + \/^Gidx,Xj = Xi, and gj. = 2Gq = 
2didjG. Then D C is spanned by {Xi, Xj}, 1 < i,j < n. It is clear that 

^Xi = V^Xi, ^X-j = -V^X-j. 
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We can also compute that 



and 





g'[jdz^(E)dz-j, where gf^ = g'^{di, dj) = 



g'^{Xi,Xj) = 2Gfj. We also use to denote the inverse of gj-.. 

We consider that the variation of the Sasakian structure which fixes ^ and the 
transverse holomorphic structure such that SgJ-. = v^j = v{Xi,Xj) = v{di,dj), and 

there is a basic function ip such that v^j = 1p^j. Let v ~ gl^vq. Hence we have 
= v^i ( this holds if there exists a local basic function ^ such that Ujj = Vij)- 
Suppose Sf = h€ C^(M), St = a, then 

Proposition 4.3. The first variation ofW on Sasakian manifolds is given by 



Proof. The proof is almost identical to Proposition 4.1. First of all, since the 
integrand involves only the transverse Kahler structure, the local computations are 
exactly the same in terms of transverse Kahler structure. For example, the variation 
of the transverse scalar curvature takes the form of 



Hence we need to check that integration by parts as in (4.4) also holds with the 
similar formula in the Sasakian case. We shall give a proof of (4.4c); while (4.4a) 
and (4.4b) are quite obvious. To verify (4.4c), we write the integrand as the inner 
product of two basic forms (see (9.2) for the inner product of two basic forms). 



(4.18) 




Jm 



e-^dV 



e-fdV. 



5R^ = 5{g^Rjj) = -5(5^5i^logdet(ff,j)^) 




^d'df). 



Let $ = Vijdzi A dzj and ^ = ddh be two basic forms. We have 



(4.19) 




Actually, using (3.8b), we can get 



(A$,Ag/i) = (A$,a*9/i) 



(4.20) 



= (aA$, dh) 

= {Ad^-[A,d]^,dh) 

= -\/^($, ddh) = -\/^($, *). 
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Note that dd{e-^) = 
Jm 



—ddfe f + df A dfe , we have 

/ = / {<P,-dd{e-^))dV + [ {<!>,df Adfe-^)dV 
Jm 



M 



(4.21) 



= / {V^A^,Ag{e-f))dV+ [ v,jfifje-fdV 
Jm Jm 

= [ {V^A<P,-A^{e-f))dV+ [ Vfjf-Jje-^dV 
Jm Jm 

Jm Jm 



-Am for 



where we use the fact that v^^^ = = g'r^vq = v and A" = — 

basic functions. □ 



We then consider the W functional on the coupled Sasaki-Ricci flow 
dt 



(4.22) 



9/ 

dt 

dr 



= riT 



1. 



The evolution equation for / in (4.22) is actually a backward heat equation where 
the quantities are computed by the metric g at time t. Note that the Sasaki-Ricci 
flow always has a long time solution. For any time T, if /(T) G C^{M), we shall 
prove that the backward heat equation for / in (4.22) has a unique smooth solution 
/ : [0,T] -j> C^(M) (see Proposition 4.8 below). Under the coupled Sasaki-Ricci 
flow (4.22), we have 

Proposition 4.4. Under the coupled Sasaki-Ricci flow (4.22), then W functional 

on Sasakian manifolds satisfies 

dW r - ~ 2 



(4.23) 



dt 



/ 

Jm 



Rfi + fil-r '9. 



ij 



T-"+^e-fdV -\- [ \fij\'^T-^+^e-fdV. 
Jm 



Proof. Note that we assume that the function / is basic. The computations then 
follow from Proposition 4.3 and the proof as in Proposition 4.2 once we show the 
corresponding formula of integration by parts as in (4.11), (4.12) and (4.14) hold. 
All local computations are the same since the integrand involves only transverse 
Kahler structure. We then finish our proof by showing the following general formula 
of integration by parts on Sasakian manifolds (see Proposition 4.5 below). □ 

Actually one can prove some general formula of integration by parts on Sasakian 
manifolds when the integrand is involved with basic functions and basic forms. 
The formula in Proposition 4.5 implies that when the integrand involved only the 
transverse Kahler structure, basic functions and forms, integration by parts takes 
the formula as in the Kahler setting, with the corresponding terms involved with 
the Kahler metric replaced by the transverse Kiihlcr metric. Hence Proposition 
4.3 and 4.4 can be proved directly using the computations in Kahler setting (see 
Proposition 4.1 and 4.2) and Proposition 4.5 below. 
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Let (j) be a basic {p,q) form (0 e f^s'') such that (j) — 't'ABdzA A ciz^, |A| = 
p, \B\ = q, where A, B are multi-index such that A = aia2 ■ • ■ ap, B = j3q 
and dzA = dzai A • • • A dza^ , dzg = dz^^ A • • • A dz^^ . Then the tensor 

5^ Vf Vj(A = gffVjVjcliABdzA A dzg 

is well defined and it is still a basic form. Again we can see this easily from the 
description of the transverse Kahler structure in terms of Haefliger cocycles. Then 

we have, 

Proposition 4.5. Let 4> and ip be two basic {p, q) forms, then we have the following 
formula of integration by parts, 

(4.24) / g'^VjV^^4>ABJ^9f9T^dV = - / g^^V^ i^^B^J^gf 9t^ dV. 

Proof. For simplicity, wc only prove that (f>, ijj arc (1, 1) forms. The general case can 
be proved similarly. First denote the connection of the transverse Kahler metric as 

■pfe ^kl ^^il 

Choose a local coordinate chart {x, zi, Z2, ■ ■ ■ , Zn) as in (4.17). Then we have 
5|vfvJ</>^s = Vf (g'SvUAB, 



dzi 

(4-25) Vf^^gfgr = Vf tes^Sl^ ) 



d 



i'CD9^''9^''+TiJ^9¥'gr 



where 



dzi 

dV = cdet{gf.)dx AdZ A dZ, 



_ 

dZ = dzi A ■ ■ ■ A dzn, dZ = dzi A - ■ ■ A dzn, c = (v^)" — 



Now define a vector field 

X = gi^Vj^^B^g^^g^''^. 

ozi 

One can check directly that X is globally defined on M. Hence we can get a 2n 
form a on M such that 

a = LxdV = c{-iygffVj(l)AB'fhD9T^9T'^ det{gfj)dx A dzi A ■ ■ ■ dzi- ■ ■ dZn A dZ. 
Then straightforward computation shows that 

d 



da = c— [g"^Vj<PABi^CD9T'^9§'' clet(5|)) dxAdZA dZ. 



Hence 



/ 

Jm 



d_ 
dzi 



(9^^-j<i>ABi^CD9f9T'^ det(5|)) dxAdZAdZ = 0. 
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(4.26) 



It follows that 

Jm (^^'^F^^^) ^3t^9t'' det{gf.)dx A dZ A dZ 
= -J^ 9?^]^AB-^, {^gfg^'' det(5|)) dxAdZA dZ 
^~Im ^^^^^^'^^'^^ (v^.9T^.9f det{gfj)dx AdZAdZ 
- / g'^Vj<f>ABi'cD9T^9T''^-^dxAdZAdZ. 

Note that 

(4.27) ^det(5|)=qfcdet(4). 

Taking (4.25) and (4.27) into account, then (4.24) follows from (4.26). □ 
Sometimes it is more convenient to write the W functional as, taking w = 1"^ , 

(4.28) W{g,w,T)= [ (r(i?W + 4|Vu;p) -'u;2log«;2)r-"dy, 

Jm 

where w G C^{M) such that dw{^) = and 

w'^T-"-dV = 1. 



/ 

Jm 



IM 

When w in (4.28) is not assumed to be a basic function, Rothaus' result [52] can 
be applied to get that there is a nonnegative minimizer wq- Furthermore, Rothaus 
[52] showed that a nonnegative minimizer has to be positive everywhere and smooth. 
Hence one can get a smooth minimizer for (4.1) by letting fo = — 21ogM;o. When w 
is assumed to be basic, Rothaus' results certainly imply that W{g, w, r) is bounded 
from below, hence we can define /i functional as 

(4.29) n{g,T) = MW{gJ,T), 

where (i/(^) = such that Jj^j T~^e~f dV = 1 and it is finite. We could also mimic 
his proof (for (4.28)) by using a variational approach for w € Wq^{M) instead of 
Wi>2(M), where W]^'^{M) is the closure of C^(M) in W^^^{M). One can actually 
show that there is a nonnegative minimizer without too much change as in [52], 
Section 1. We summarize Rothaus' results as follows. 

Theorem 4.6 (Rothaus [52]). There is a minimizer wq G Ws' {M) of (4.28) which 
is nonnegative. Moreover, wo is strictly positive and smooth. 

Proof. First of all, we show that there exists a nonnegative minimizer wq G W^^. 
The statement is a special case considered by Rothaus applied to Wg instead of 
W^'^. The proof follows the line in [52] and it is almost identical ([52], Section 1). 
The only difference is to prove that a minimizer wq is actually a weak solution of 
the equation, 

(4.30) 4A'u;o + wq log - R^wq + lJ.{g, t)wq = 0. 

The proof is slightly more involved and we need that is a basic function, we 
shall prove this in Appendix. Once we show that wq is a weak solution of (4.30) 
and it is bounded, we can actually apply Rothaus' result to show get that wq 
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is strictly positive (see Lemma on page 114, [52]); hence we would get a smooth 
minimizer. □ 

Actually what we really need is the fact that the /it functional is nondecreasing 
along the Sasaki-Ricci flow, which would be enough for us in essence and docs not 
really depend on the above theorem. The proof is similar as in Ricci flow case if 
we replace a minimizer by a minimizing sequence. 

Proposition 4.7. Let tq be a positive constant and 

T(t) = (to - l)e* + l >0,tG [0,T] 

Then the functional ii{g{t),T{t)) is monotone increasing along the Sasaki-Ricci flow 
on [0,T]. 

Proof. It is clear that r(t) satisfies 9(T = r — 1 with t(0) = tq. Suppose at time T, 
there is a minimizing sequence {fk{T)} such that 

Wfe = W{g{T), fk{T), r(T)) ^ fx{g{T), r(T)), k ^ oo. 

By Proposition 4.8 below, there is a basic function fk{t) satisfies (4.28). Hence by 
Proposition 4.4, we have that 

Wk{t) = Wig{t), fk{t),T) <Wk. 

Rence fi{g{t),T{t)) < yVk{t) < Wk- Let k ^ oo, we get n{g{t),T{t)) < ii{g{T),T{T)). 

□ 

Now we consider the backward heat equation 

(4.31) ^=nr-'-R^-Af + \Vff, 

where r is a positive number depending only on time such that dfT = r — 1. The 
corresponding backward heat equation for w is 

(4.32) ^ = -Aw + {R^ - nT-^)w. 

Proposition 4.8. Suppose the Sasaki-Ricci flow exists in [0,T], then for any 

w(T) e C°°{M), there is a unique solution w{t) € C°°(Af) of (4.32) for t e [0,T]. 
If w{T) > 0, then w(t) > 0; and if in addition w{T) is not identically zero, then 
w{t) > for t G [0,T). Moreover if w{T) e C^(M), then w{t) e C^(M). 
As a consequence, then for any f(T) € C^{M), there exists a unique solution 
f{t) e C^(M) for any t e [0,T]. If w{T) G M^^'^ is nonnegative, then w{t) G 
and it is nonnegative. 

Proof. The proof is similar as in the Ricci flow case (c.f [34] for example) and / is 
basic due to the maximum principle. Let s = T — t and f{s) = exp(— /(s)), then 
one can compute that 

|{=A,(,)/-(i?^-nr-^)/, 

such that /(O) G C^{M). This is a linear equation for / and there exists a unique 
smooth solution if /(O) is smooth. Now if /(O) > 0, then / > and if it is positive 
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at one point in addition, we claim that / > for any s e [0, T]. Suppose so £ (0, T] 
such that So = T — to. Let h{t) satisfies the heat equation 

on {to,T] such that limt^t^ h ^ dp for any p G M, where Sp is the delta function. 
Consider /(T — t) for t G [to,T], then by direct computations we can get that 

(4.33) jJ^T-^~f{T-t)h{t)dV = Q. 

It is clear that /i > in (to, T]- Then 

/>, T-to)= [ ~f{q, T - t)5p{q)dV{q) = T"(to) lim / r-"/(r - t)h{t)dV. 

Hence by (4.33) we get 

f{p, T-to)= T"(to)T-"(T) / fm{T)dV > 0. 

JM 

And it is clear that if /(O) > somewhere, then f{p,T — to) > for any p. Suppose 
/(O) is basic, then for ^/ we have 

^P- = A,(,)(a~) - {R^ - nr-'m). 

since R^ is basic. Hence by the uniqueness of the solution we know that ^/ = if 
^/(O) = 0. Let /(T - t) = - log/(r - t), then it satisfies (4.31). If /(O) e VF^-^, 
then by the standard regularity theory for the linear parabolic theory, we have 

fit) e C°°. □ 

5. The Ricci Potential and the Scalar Curvature along the Flow 

We consider the (transverse) scalar curvature and the (transverse) Ricci poten- 
tial along the Sasaki-Ricci flow. The following discussions and computation follow 
closely the Kahler setting [58]. 

First wc show that there is a uniform lower bound on the transverse Ricci po- 
tential u{x,t), which is defined by 

(5.1) 4 - Rj. = didju 
with the normalized condition 

(5.2) / e-'^dVg = l. 

Jm 

Note that u e C^{M). We compute 

dtdidju{x, t) = gj-. - RJ] + dtdidj log{gf^{x, 0) -|- didj(j){x, t)) 
= didj{u + A^u). 
Hence there exists a time dependent constant A{t) such that 

(5.3) — = A^u + U + A, 
where 



= - / Me"" 
Jm 



dVg 
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in view of the normalized condition (5.2). 
Lemma 5.1. A(t) is uniformly bounded. 

Proof. It is clear that f{t) = te~* < is bounded from above for any t gR. It 
then follows that 

A{t) = - [ ue-^'dYg > -e"^ / dVg. 
Jm Jm 

Note that the volume of {M, ^, g) is a constant along the flow. 

Let To = 1 (hence r = 1) and consider the functional ii[g(t), 1). Hence 

liig{0),l)<fiig{t),l). 
Note that = n — A'^u; hence we get that 



yV{g{t),u{t),l) = [ {R^ + UiU-i+u)e-''dVg =n+ [ ue'^dYg. 
Jm Jm 

It follows that 

ue-'^dVg > W{g{t), u{t), 1) - n > m(c/(0), 1) - n. 



I 

Jm 



IM 

It follows that 



A{t) = - [ ue-'^dVg < -m(5(0), 1) + n. 

Jm 



□ 



Proposition 5.2. The transverse scalar curvature satisfies 

(5.4) ^ = A^R^ -R^ + |i?ic^|2. 

In particular, R^ is bounded from below. 

Proof. A straightforward computation gives (5.4). Note that R-^ e C^{M); then 
A'^R'^ = AR'^. Hence by the maximum principle R^ is bounded from below. □ 

Lemma 5.3. u{x,t) is uniformly bounded from below. 

Proof. By Lemma 5.1 and Proposition 5.2, —R^ + A{t) is bounded from above. 
Suppose u{xo,to) is very negative at {xo,to) such that 

u{xo, to) + inax(n - R^ + A) <^Q. 

Then we can get that 

(5.5) ^=n-R'^ + u + A<0 

at {xo,to). It follows that u{x,t) < u{xo,to) for t > to- Since u{x,t) is smooth, 
there exists a neighborhood U of xo such that for any x G U, 

m(x, to) + niax(n - i?^' + A) < 0. 

It then follows from (5.5) that u{x,t) < u{x,to) for any {x,t) £ U x [to,oo). We 
can get that 

uix, t) < e*-*° (C + uix, to))hy — <C + u. 
Hence for {x,t) gU x [to,oo), 

u{x,t) < -Cie*, 
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where Ci depends on to- Then d(p/dt = u imphcs that 

(t){x,t) < (j){x,to) - Cie*-*° < -Cae* 
for t big enough and x & U. On the other hand, by the normahzed condition 



Jm 



e-^'dVg = 1, 



we can get that 

By (5.3), we get that 



u{x{t),t) = maxu(x,f) > —C. 

X 

^^{u-(l>)=n-R^ + A<C. 



Hence 

u{x{t),t) - (l){x{t), t) < max(M(a;, 0) - (j){x, 0)) + Ct. 

X 

It then follows that 

(5.6) max (t>{x, t) > -C - Ct. 

X 

It is clear that n + Aj|.g^(/) = n + Ag(o)</' > 0. Let Gq be the Green function of ^(0) 
and apply Green's formula to <p{x,t) with respect to the metric ^(0). We can get 
for t>tQ and any x, 

^{x,t)= [ ^dVo- [ Ag(^o){y,t)Go{x,y)dVo{y) 
Jm Jm 

<Volo{M\U)m&x(f){x,t) + Volo{U) [ (j){y,t)dVo{y) + C 
^ Ju 

< Volo{M\U) ma.x(j){x,t) - Cge* + C. 

X 

Since Volo{M\U) < Volo{M) = 1, we get that 

(5.7) max(/)(a:,t) < -de* + 

X 

Note that all constants Ci, C2, Cs, C4, C5 are independent of t > t^. For t big 
enough, (5.6) contradicts (5.7). Hence there exists a constant B > 1 such that 
u{x,t) > —B for any (x,t). □ 



We shall use the notation 



Note that u is basic; standard computations give that 
^gg^ □(A«) = -Kjp + A«, 

□d^il^) = - \Ufj\^ + \Ui 



Lemma 5.4. There is a uniform constant C such that 

\ui? < Ciu + 2B), 

(5.9) rr~ 

^ ' <C{u + 2B). 
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Proof. By Lemma 5.3, there is a uniform constant B > 1 such that u{x, t) + B > 0. 
Denote 

U,.|2 

H 



U + 2B 

Then straightforward computations (see (5.8)) give that 
(5 10) pff- I \ui\H'^B-A) ^ 2Mu-j{\ui\^)j) 2\ui 



U + 2B (u + 2B)2 (u + 2B)2 {u + 2Bf 

We compute 



Hence 
(5.11) 

It is clear that 



^ U + 2B {u + 2BY ■ 



Re(Mj(|M,p)j) _ Re(ujgj) 

{u + 2Bf {u + 2Bf ~ U + 2B ' 



\Uj{\Ui\'^)j\ < \Ui\'^{\Uij\ + \ufj\ 

Then by Cauchy-Schwarz inequality, wc compute 

\u]{\u^\%\ ^ \uij\^ + \u 



|2 



^' (m + 2B)2 - 2{u + 2Bf ' U + ' 

Taking (5.10), (5.11) and (5.12) into account, we can choose e < 1/4, such that 
Ui\^{2B-A) e \ui\^ Re{u-jHj) 



(5.13) DH < ' \ -7: , ' ,0 + (2 - e) 



(u + 2B)2 2(u + 2S)3 ' U + 2S ■ 

Suppose that 

^ 00, when t ^ 00. 

U + 2B 

Then there exists time T such that 

(5.14) max ' > 2(2B - A)e-'^ 

^ ' Mx[0.T]U + 2B ^ ' 

and the maximum is obtained at some point (p, T) e M x [0,T]. Since at {p,T), 



DH > 0, iJj = 0, 



it then follows from (5.13) that 



0<DH < , ' \2B- A-- 



{u + 2S)2 V 2u + 2B)' 

which contradicts (5.14). Hence there exists a uniform constant C such that 

l^il^ < C{u + 2B). 

Now we prove that — Au is bounded from above by C{u + 2B) for some C. Let 



U + 2B U + 2B 

Straightforward computations give that 

□ r^_ I {-^u){2B-A) MujK,) 

U + 2B {u + 2B)2 U + 2B 
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and 

-2|u,,f - l^.jl^ {-Au + 2\,m\^){2B-A) Re{uj)Gj 

U + 2B ^ (w + 2B)2 ^ U + 2B ' 

Hence at the maximum point of G. 



ufj\^ -Au{2B-A) 2{2B-A)\ 



< DG < + , ' + 



M + (u + 2B)2 (u + 2B)2 

We can choose a local coordinate 

(Au)2 = {uaf- < nul = n\ufjf. 

It then follows that 

-Au{2B-A) ^ -Aw f2B-A -Au 
~u + 2B {u + 2Bf - U + 2B \ u + 2B n~ 
By the similar argument (the maximum principle as above), it is clear that 

U + 2B - 

for some uniform constant C. Since = n — Au, the proof is complete. □ 

In view of Lemma 5.4, we need to bound the Ricci potential from above to bound 
the scalar curvature and |Vu|; this bound can be obtained once we can bound the 
diameter of the manifold along the flow. 

Proposition 5.5. There is a uniform, constant C such that 

u{y,t)<Cd^tix,y) + C\ 

R'{y,t)<CdUx,y) + C, 

\\/u\<Cdtix,y) + C, 

where dt is the distance function with respect to g(t) and u{x,t) = uiiiiy^M u{y,t). 

Proof. We assume that u + B > ior some positive constant B > 1. Note that 
|Vu|^ = l^ip since u is basic. By Lemma 5.4, 

\VVu + 2B\ < C. 

Hence 

y/u{y,t) + 2B - y/u{z,t) + 2B < Cdt{y, z). 
Note that by the normalization condition, 



u{x,t) = m.mu{y,t) < C, 
yeM 



where C is a uniform constant. 
It then follows that 



y/MM^tjT^ < Cdt{y, x) + Vw. 
Hence there is a uniform constant C such that 
(5.15) u{y,t)<Cd^{x,y) + C. 

The other two estimates are direct consequence of Lemma 5.4 and (5.15). □ 

So far the discussions above are pretty much the same as in the Kahlcr setting 
[58]. But we shall see that the Sasakian structure plays a crucial in the following 
discussion. 
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6. The Bound on Diameter Regular or Quasi-regular Case 

In this section we consider that (M, ^, g) is regular or quasi-regular as a Sasakian 
structure. We shall use the W functional on Sasaki manifolds to derive some non- 
collapsing results along the Sasaki-Ricci flow and then prove that the diameter 
is uniformly bounded along the Sasaki-Ricci flow. This result can be viewed as 
generalization of Perelman's results on Kahler-Ricci flow to Kahler orbifolds which 
are underlying Kahler orbifolds of Sasaki manifolds. However the smooth Sasakian 
structure makes it possible to get these results without detailed discussion of the 
orbifold singularities on the underlying Kahler orbifolds. In particular, one can 
allow the singular set to be co-dimension 2. The discussion follows closely the 
Kahler case [58] except that the W functional in the Sasaki-Ricci flow involves only 
basic functions while the distance function of a Sasakian metric is not basic. To 
overcome this difficulty, we shall explore the relation of the Sasakian structure with 
its distance function. 

When ^ is fixed and the metrics are under deformation generated by basic po- 
tentials (j) such that 

r]ci> = v + d%4), 

the distance along the ^ direction does not change under the deformation. Hence 

we shall introduce the transverse distance adapt to the Sasakian structures with 
^ fixed when M is regular or quasi- regular. Recall that the Reeb vector field ^ 
defines a foliation of M through its orbits. The orbits are compact when (M, ^, g) 
is regular or quasi-regular. Moreover, Ad is a principle bundle (or orbibundlc) 
on a Kahler manifold (or orbifold) Z such that tt : (M, g) — >• [Z, h) is a orbifold 
Riemannian submersion and 

g = 'jT*h + r}®r}. 

When (M,^,g) is regular (or quasi- regular), the transverse distance is closely 
related to the distance function on the Kahler manifold (or orbifold) Z, and the 
results in the Sasaki-Ricci flow on M can be viewed as the corresponding results 
in the Kahler-Ricci flow on Z, even though we shall not deal with the Kahler-Ricci 
flow for the orbifold Z directly. Nevertheless we can apply the similar arguments 
as in the Ricci flow and the Kahler-Ricci flow, for example, see [47, 58, 34] for more 
details. 

Note that the orbit is compact for any x. We can deflne the transverse distance 
function as 

(6.1) d^{x,y):=d{^x,^y), 

where d is the distance function defined by g. Note that is not a distance 
function on M and we shall use d^{x, y) when there is no confusion. We also define 
the transverse diameter of a Sasaki structure (M, ^, g) as 

= max dj(a;,2/). 

Proposition 6.1. Let {M,S^,g) be a regular or quasi-regular Sasaki structure. For 

any point p G £,x, there exists a point q G such that 

d^{x,y) = d{p,q) 

In particular, 

(6.2) d^{x,y) = d{x,^y)=d{y,^x)- 
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As a consequence, the transverse distance function satisfies the triangle inequal- 
ity, 

(6.3) d'^ix, z) < d^{x, y) + d^{y, z). 

Hence for any p G M, dF{p,x) is a basic Lipschitz function such that 

{^,Vd^{p,x)}=0. 

Moreover, let tt : {M,g) — ^ {Z,h) be the (orbifold) Riemannian submersion, we 

have 

(6.4) d^{x,y)=dh{T^{x),T,{y)). 

Proof. Proposition 6. 1 is indeed a consequence of results of Reinhart [49] and Molino 
[43] on Riemannian foliations (dimension 1) and bundle- like metrics ; see, for exam- 
ple, Section 3 (Proposition 3.5, Lemma 3.7, Proposition 3.7) in [43]. Molino proved 
not only the orbifold structure of foliation space MjT^ ~ but constructed the 
local (orbifold) coordinates of (.^, K) from some tubular neighborhood of orbits of 
^. With this construction it is not hard to check that (6.4) holds. 

We shall give a proof for completeness. Since and €,y are both compact, there 
exist X G (,xi V ^ (,y, such that 

d{x,y) = d^{x,y). 

Now wc want to prove that for any p E S^x, there exists q € (.y such that d(p, q) = 
d^{x, y). Let 7 : [0, 1] — >■ M be the geodesic such that 7(0) = x, 7(1) = y, and the 
length of 7 is d{x, y). Recall that ^ generates a action on (M, g) and g is invariant 
under the action. For any p E S^x, there exists an isomorphism A : (M, g) — > (Af , g), 
which is an element in 5^ generated by ^, such that, A(a;) = p. Let q = \{y) and 
7 = A 07. Since \*g = 5, 7 is also a geodesic which connects p and q such that the 
length of 7 is the same as the length of 7. It follows that d{p,q) = dF{x,y). As a 
direct consequence, (6.2) holds. 

For x,y,z G M, we can choose o G ^^^P ^ and q G such that 

d{o,p) = d^{x, y) and d{p, q) = d^{y, z). 

It then follows that 

(6.5) d^ {x,y) + d^ {y,z) = d{o,p) + d{p,q) > d{o,q) > d^ {x,z). 

In particular, (6.5) together with d^{x,y) < d{x,y) for any x,y E M imply that 
d^ is a Lipschitz function on M. For any p G M fixed, f{x) = d^{p, x) is constant 
for X along the geodesies (the orbits) generated by ^, hence it is a (Lipschitz) basic 
function. 

Now we prove (6.4). Suppose p G £,x,Q G such that d^{p,q) = d{p,q) = 
d{^x,^y)- Let 7(t) be one shortest geodesic such that 7(0) = p, 7(1) = q. By the 
first variation formula of geodesies, we have (7(1), ^) = at TqM. By Proposition 
1 in [49], 7(f) _L ^ for any t. Hence j{t) is an orthogonal geodesic such that the 
projection 7r(7(t)) is also a geodesic in {Z, h), see [43] Proposition 3.5 for example. 
It is clear that 7 only intersects any orbit of at most once, it follows that 7r(7) 
does not intersect with itself. Moreover the length of 7 (with respect to g) is equal 
to the length of 77(7) with respect to h. This gives d^{p,q) > dh,{n{p,'iT{q))). 

Any geodesic in (Z, h) can locally be lifted up to an orthogonal geodesic on 
{M,g) which has the same length. Suppose for n{p) ^ Tr{q) G Z, let j{t) be 
a shortest geodesic connecting them. We can divide 7 into short segments such 
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that each segment has a lift (an orthogonal geodesic) in {M,g). Note that any 
orthogonal geodesic in (M, g) can be slid along the orbit of So we can construct 
a lift of 7 from the local lifts by sliding them. This gives a piece-wise curve in M 
which connects p and a point q in and it has the same length as 7. This gives 
(^{PtQ) < dh{TT{p),Tr{q)). Hence it completes the proof. □ 

We can define a transverse ball B^^g{x,r) as follows, 

(6.6) B^^g{x,r) = {y:(F{x,y)<r}. 
By Proposition 6.1, we have 

(6.7) B^,g{x,r) = {y:d{^,,y)<r}. 

The following non-collapsing theorem for a transverse ball holds along the Sasaki- 
Ricci flow, similar to the Ricci flow (Kahler-Ricci flow). 

Lemma 6.2. Let (M, ^, go) be a regular or quasi-regular Sasaki structure and let 
g{t) he the solution of the Sasaki- Ricci flow with the initial metric go- Then there ex- 
ists a positive constant C such that for every x G M, if FC" < Cr^^ on g(t)(x,r) 
for r S (0, ro], where ro is a fixed sufficiently small positive number, then 

Vol(B^^g^^)(x,r))>Cr^^. 

Proof. Let g{t) be the solution of Sasaki-Ricci flow. Since is bounded from 
below, we can assume that ro is small enough such that RF{x,t) > —r^^ for 
any x,t. We argue by contradiction; suppose the result is not true, then there 



exists sequences {pk,tk) G M x [0, 00) and — > 00 such that R-' < Cr^^^ 
Bk = B^^g(^tk)iPk,rk), but Vol{Bk)r'^^" — )• as — )• 00. Let $ be the cut-off 
function $ : [0,oo) [0, 1] such that <I> equals 1 on [0, 1/2], decreases on [1/2, 1] 
with derivative bounded by 4 and equals on [1, 00). Denote Tk = r^ and define 

Wk=e^''^ir~^dl{pk,x)), 

where is the transverse distance with respect to time tk and Ck is the constant 
such that 

1 = / wlr-^dVk = e^^'-rf^ f <i>^{r-'dl{pk,x))dVk < e^^^rf^VoliBk), 

JM JM 

where we use dVk to denote the volume element with respect to g{tk)- Hence 
Cfe ^ 00 since Vol{Bk)r^^^ — )• when fc — )• 00. We compute (with gk = g{tk)) 

Wfc = T,-" / {rUR'wl + 4|V^«;fcn - wl \ogwl)dVk 

(6.8) 

< e^'^'^r-,-^" / (4|$,|2 - $2 Xog^DdVk + rl ma^R'^ - 2Ck, 

JM Bk 

where Wfe = 'W{gk,Wk,Tk) and = ^(''fe ^<C(^'fe'^))- Let 

Bk{r) = B^^g,{pk,r), and Vfc(r) = Vol{Bk{r)). 

For any k fixed, 

(6.9) lim -5:^^ = 2^" = 4". 

^ ' r^o Vk{r/2) 

The proof of (6.9) can run as follows. Recall that tt : M — >■ Z is a Riemannian 
submersion over the orbifold Z and M is the principle orbibundle over Z. For 
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any pk G M , TT{pk) G T^{Bk{r)) C Z and n{Bk{r)) is the geodesic r ball centered at 
T^ipk) with respect to hk- Hence when r small enough, Bk{r) is a trivial 5*^ bundle 
over the geodesic r ball Bh^{r) of {Z, hk) centered at n{pk)- T^{Pk) can be either a 
smooth point or an orbifold singularity in Z. Nevertheless, we have, 

lim^^^^i^^#- = 2- = 4". 

r^o Vol{Bh,{r/2)) 

Note that the orbifold singularities in Z is a measure zero set and does not con- 
tribute when we compute volume. Without loss of generality, we can assume that 
Bh^. (r) contains only smooth points. Otherwise, we can only consider the set S of 
smooth points in Bh^{r). For generic points (smooth points on Z), any fibre 
has the same length. We denote the length of a generic fibre by I. Note that we 
have 

gk = TT*hk +r]k'S>r]k, 
and dvolg^ = tt* [dvolfi^) Arjk- It follows that 

Volk{Bk{r)) = / dvolg^ = I Tr*{dvolh^) Arjk = I x Vol{Bh^{r))). 

This proves (6.9). 

We can assume that, in addition, 

(6.10) Vkivk) < 5"\4(rfe/2). 

Otherwise, let = 2~V;j for i gN. By (6.9), we can choose io to be the smallest 
number such that 

Vk{ri°) < 5"yfe(rtV2). 

Hence for any i < io — 1, 

(6.11) Vkirl) > 5"T4(4/2) = 5"y,(rt+i). 
By using (6.11) repeatedly, we can get that 

r,-2"14(r,)^0 

when A; ^ oo. Hence we can replace by r^°, which satisfies (6.10) in addition. 
We then compute, by (6.10), 

/ (4|$;|2 - ^llog^DdVk < C{Vk{rk) - Vkirk/2)) 

< C5Wk{rk/2) 

< C5" / 'PldVk. 

Jm 

Hence we compute, by (6.8) and the above, 

Wfc < C5"rfc-" / wldVk + C-2Ck<C- 2Ck. 
Jm 

Note that fJ-{g{t), 1 + (ro — l)e*) is non-decreasing function on t. Choose Tq = 

1 — (1 — r^)e~*'=, then we get that 

M.9(0),To") < K9itk),rl) <Wk^ 

Contradiction since iJ,{g{0),T) is a continuous function of r in (0, oo) and Tq — >■ 1 
when fc — >■ oo. 
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□ 

Lemma 6.2 is not purely local (it is global in ^ direction); while ^ generates 
isometrics of g, one can further obtain local non-collapsing results and it should be 
viewed as the corresponding non-collapsing result of the Kahler-Ricci flow on Kahler 
orbifolds. Now we can bound the diameter of the manifold along the Sasaki-Ricci 
flow. 

Theorem 6.3. Let (M, ^,50) be a regular or quasi-regular Sasaki structure and 
let g{t) he the solution of the Sasaki-Ricci flow with the initial metric go- Then 
the transverse diameters '^^((•j are uniformly bounded. As a consequence there is a 
uniform constant C such that diam{M,g{t)) < C. 

Proof. We argue by contradiction. Note that the orbits of ^ are closed geodesies 
and the length of these closed geodesies does not change along the flow, hence it is 
uniformly bounded. Suppose the generic orbits have length I = l{M,^,go). Then 
for any x,y £ M, 

(6.12) dt{x,y)<dj{x,y)+l, 

where dt and are the distance function and transverse distance with respect to 
g{t). Hence we only need to prove that the transverse diameter df is uniformly 
bounded along the flow g{t). Let u{x, t) be the transverse Ricci potential defined in 
(5.1). Recall that u{x, i) is uniformly bounded from below by Lemma 5.3. Choose 
a point Xt & M such that 

u(xt,t) = minu(y,t). 

Denote 

dt{y) = dt{xt,y), dj{y) = dj{xt,y). 

Let B^{ki, k2) = {y : 2*^^ < di[ [y) < 2*^^}. Consider the transverse annulus B^{k, k+ 
1) k>0. By Proposition 5.5 and (6.12), we have R"^ < (72^'= on B^{k, k + 1). The 
transverse annulus B^{k,k+1) contains at least 2^'°"^ transverse ball of radius 2"*^ 
which are not intersected with each other. When k is large enough, by Lemma 6.2, 
we have (with r = 2"'^) 

Vol{B^{k,k + l)) > ^yoZ(Bj,,(i)(ft,2-'=)) > 22'=-i2-'="C, 

where {pi} are centers of 2^*^^^ transverse balls contained in B^{k, fe -I- 1). 

Claim 6.4. For every e > 0, there exists k\,k2 such that k2 — ki ^ 1 such that if 
d[ is large enough, then 

(1) Vol{B^{ki,k2)) <e, 

(2) Vol{B^{ki, fca)) < 2iO"yo/(B^(fci + 2, fca - 2)). 

(3) There exists ri,r2 and a uniform constant C such that ri G [ki, ki + l\,r2 G 
[k2 — 1, fe] and 



I R^dV <CVol{B^{ki,k2)). 

S{(ri,r2) 
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Assume that the diameter of {M,g{t)) is not uniformly bounded in t. Hence 
there exists a sequence U ^ oo such that ^ oo. Let — )■ be a sequence of 
positive numbers. By Claim 6.4, there exist sequences kl,k2 such that 

V^{kle2) := VoltAB^,tM,kl)) < ei, 

V^{k\,kl) < 2^°"V,{k\ +2,ki-2). 

For each i, we can also find rl and r| as in Claim 6.4. Let $i, for each i, be a cut-off 
function such that ^i{t) = 1 for t G [2'^i+^, 2*^2"^] and equals zero for t in (— oo, 2''i]U 
[2''2,oo) with the derivative bounded by 2. Define Wi{y) = e'^'^i{df.{xi,y)), where 
Xi = such that 



w: 

Jm 

This implies that 



Jm 



^dV, = 1. 



1=1 ^^dVi = e'''^ [ ^',dVi<e'''^Vi{ki,ki) = e''''ei. 
Jm Jm 

It follows that Cj — )• oo when i — )• oo. We compute 
Wi = W{g{ti),Wi,l) 

^^■^^^ < e^^* / (4|$;|2 - $2 iog$2)rfy. + f RT^^dVi - 2Ci. 

Jm Jm 
First of all we have, by Claim 6.4 (sec (6.13)), 

/ R^wldVi < e^c- / R^dVi 

Jsj,t.(r;,r*) 

< e^'^'CVi{ki,ki) 
<e'^'=''C2^^"Vi{k\+2,ki-2) 

< C2i°" / w'fdVi 



Jm 



= C2^°". 

Similarly, we have 

e^^^ f m^'f -^llog^^,)dVi<Ce''^'V^{k\,k 
Jm 



2 

M 



< e^'--C2"'"y,(ri +2,A;^ -2) 

< C2^°" / w;!^^^ 
= C2^°". 

Hence we get 

Wi < C - 2Ci 

for some uniform constant C. By the monotonicity of fi{g{t), 1) (with tq = 1), we 
get that 

m(5(0), 1) < ^^ig{U), 1) < < C - 2^. 
Contradiction since Cj — ^ oo. Therefore, there is a uniform bound on the diameter 
of{M,g{t)). □ 

Now we prove Claim 6.4, hence finish the proof of Theorem 6.3. 
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Proof. Note that the volume of M remains a constant along the flow. If the diameter 
of {M,g{t)) is not uniformly bounded, then for any e > 0, if the diameter of 
{M,g{t)) large enough, there exists K big enough such that for all k2> k\> K, 
Vol{B^{ki,k2)) < e. If the estimate (2) does not hold, we have 

Vol{B^iki,k2)) > 2^°'^Vol{B^{ki +2,k2- 2)). 

We then consider B^{ki + 2,^2 — 2) instead and ask whether (2) holds or not for 

B^{ki + 2,k2 — 2). Wc repeat this step if we do not find two numbers such that 
(1) and (2) are both satisfied. Suppose for every p, at p-th step we cannot find two 
numbers. Then we would have 

Vol{B^{ki,k2)) > 2^°"^ yoZ(B^(fci + 2p, k2 - 2p)). 

We can assume that 

ki + 2p<k,k2-2p>k + l. 
In particular, we can choose A: 3> 1 such that 



ki = -,k2 = y, andp^ 



1. 



It then follows that 



e > Vol{B^{ki,k2)) > 2i""PVo/(B^(A:,fc + 1)) > 2^^''pC2-^''''2^''-\ 

Note that lOp > 2k when k is big. This gives a contradiction if k is big enough. 
We define a transverse metric sphere S^{x, r) as 

S^{x,r) = {y : dj{x,y) = r}. 

Hence we have 

^VoliB^,g{x,r)) =Vol{S^{x,r)). 
Given fci <C k2 in (1) and (2), there exists ri € [ki, ki + 1] such that for r = 2'^^ , 

Suppose not, we have 

VoliBiki,ki + l)) ^ / Vol{S^{x,r))dr >2Vol{B^{ki,k2)). 
Contradiction since fci -C fc2- Similarly there exists r2 € [^2 — 1, ^2] such that 



We have the estimate, 



/ R'^ -nVol{B^{rur2))= [ {R^ - n) 



[ Au 



(6.15) 



< / \Vu\ + / \Vu 

1) JS({x,2^2) 



r 

< 2CVol{B^{kuk2)) (^Z'^^+i + ^2*=^) 



< CVol{B^{ki,k2)), 
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where we have used the estimate of |Vii| in Proposition 5.5. □ 

Remark 6.5. Note that the transverse distance function is Lipschitz, hence the 
integration by parts in (6.15) is justified. 

7. Irregular Sasakian Structure and Approximation 

When a Sasakian structure (M, ^, rj, <J>, g) is irregular, Rukimbira [53] proved that 
one can always approximate an irregular Sasakian structure by a sequence of quasi- 
regular Sasakian structures {M,^i,rii,^i,gi) ([53], see Theorem 7.1.10, [4] also). In 
particular, one can choose = ^ + pi for pi in a commutative Lie algebra spanned 
by the vector fields defining J^^, the closure of J^^; moreover limp^ — )• and rji, $i, 
gi can be expressed in terms of p,; see [4] Theorem 7.1.10 for more details. We 
can then study the behavior of the Sasaki-Ricci flow for each quasilinear Sasakian 
metric (M,£^i,r]i, Ki, gi). Note that the transverse diameter of gi{t) is uniformly 
bounded along the Sasaki-Ricci flow for any t and i large enough, by Theorem 
6.3. Since i?-^ and Vw are both basic, the approximation above is then enough to 
bound the transverse scalar curvature and Vu. Note that the generic orbits for 
(M, ^, K, g) are not close, hence the length of the generic orbits of (M, ^j, Ki, Qi) do 
not have a uniform bound when i — >■ oo. However for a compact Sasakian manifold 
(or K-contact) manifold, there always exists some close orbits of ^ ([2]). Under 
the Sasaki-Ricci flow, the length of these closed orbits does not change. Hence we 
can get some close orbit of ^ on (M.^^i, Ki,gi) under approximation which has a 
uniformly bounded length. This suffices to prove that the diameter is uniformly 
bounded along the Sasaki-Ricci flow for irregular Sasaki structure. 

The main result in this section is as follows. 

Theorem 7.1. Let {M,^,go) be a Sasakian structure and let g{t) be the solution 
of the Sasaki-Ricci flow with the initial metric go. There is a uniform constant C 
such that Roit) < C, \ Vuo{t)\ < C and the diameter is also uniformly bounded. 

To prove this result, flrst let us recall the following proposition proved in [61]. 

Proposition 7.2 (Smoczyk- Wang-Zhang, [61]). Let g{t) be the solution of the 
Sasaki-Ricci flow with initial metric go. Then for any T e (0,oo), there is a 
constant C such that 

\\m\cHM,go) < cAgmc < c 

where C depends on go,T,k. 

We can prove a stability result of the Sasaki-Ricci flow under approximation 

using the above estimate. 

Proposition 7.3. Let {M,^otVo,^o, 9o) be a Sasakian structure and goit) be the 
solution of the Sasaki-Ricci flow with initial metric go . Suppose (M, , rjj , $j , gj ) be 
a sequence of Sasakian structures such that {M,£^j,rjj,^j,gj) — > (M, ??0: 'i'o. ,9o) 
in C°° topology when j — >■ oo (we choose a sequence as in the proof of Theorem 
7.1.10, [4]j. Then for any e and T e (0, oo), there is a constant N = N{e,k,T) 
such that when j > N, t G [0, T], 

\\9jit) - 9oit)\\cHM,go) < e- 
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Proof. The statement is a standard stability result for parabolic equations. Suppose 
gk{t) is the solution of the Sasaki- Ricci flow for the initial metric gk, and the 
corresponding potential (j)k{t) solves (3.10) with (j)k{0) = 0. We should rewrite 
(3.10), for each k, as 

d(t)k , r]k/\{dm-do^k°d(t>kT , , „ 

^'■'^ -dT = ^i^Xid^n + ^'^ - 

We can assume that Fk Fq in C°° topology. Note that, for each k, £,k and the 
transverse complex structure are fixed; hence d o (t) o d(pk = d o o d(pk = 
— 2\/^9s9B^fc. Moreover, by Proposition 7.2, we can assume that ||<;Afc(t)||c' ^ 
C(/,T, go) for i G [O,?']. Hence we only need to show that \4>kit) — (f'oit)] when 
— > oo for any t; then by the standard interpolation inequalities we can then get 
\\(t>k{t) — (l)o{t)\\c' ~^ when A; — )• oo. To prove \(l>k{t) — <po{t)\ — 0, we consider 
^ fj. A 1 ^oA(c?r?o-(io$oo#fc(0)" ^ , ... , ^ , 

(7.2) ^ (Mt) - Mt)) = log ^^^^dvo-do^oodMt))- ^ ^'^ ^ ~ + 
where 

„ _ , Vk A {dijk -do^k° d4>k{t)T _ J Vk A ((i?7fc)" ^ _ ^ 
~ °^ 7?o A (dr?o - o $0 o #fe(t))" °^ % A (dr?o)" ° 
Note that ||<^fc(i)||(7i is uniformly bounded (depending only on T,go,l), fk — >■ 
when fc — > oo. Let max \fk\ = Ck- Let 'w{t) = maxM (</>*; (t) — 4>o{t))- For any p £ M 
such that 0fc (t) — 00 (*) obtains its maximum at p, then at p, 

(J 1 7?oA(d?7o-do$oo#fc(^))" ^ ^ 

^ ■ ^r/oA(rfr?o-c«o*oo#o(i))" " 

We can choose a local coordinate (x, zi, • • • ^„) such that at p, = 9x,rio = 
dx, dijo = 2y/^gT:dzi A dz:;. We compute 

m A {drjo - o $0 o #o(i))" = 2"n!(\/^)" det (^gg + dxAdZA dZ. 

Note that (jf)fe(t) is not a basic function for ^o, but we can compute 



d o $0 o d(j)k (t) = 2^/^ ^TaJ dZi Adzj + 0A dx, 



where ^ is a 1-form. It then follows that 

rjo A {drjo - o $o o #fe(0)" = 2"n!(\/^)" det (^gfj + ^|^) dxAdZA dZ. 
Note that the hessian of (pk{t) — <po{t) is nonpositive at p, in particular, we have 

<iei(gi: + im]<aet(gi: + im 



Hence (7.3) is confirmed. By the standard maximum principle argument and (7.2), 
we can then get 

dw(t) 

—^<w{t)+Ck. 

Hence u'(<) < Ck{e^ — l)- Similarly, we can prove that —Ck{e^ — I) < (j^kit) — (poit) < 
Ck{e^ - 1). □ 

Now we are in the position to prove Theorem 7.1. 
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Proof. Pick up a sequence of quasi- regular Sasakian structure (M, ^j,gj) such that 
{M,^j,gj) (Af,^, 9o). Then by Theorem 6.3, the transverse diameter (i^{gj{t)) is 
uniformly bounded for any j and t. By Lemma 5.4, we just need to bound Uj (i), the 
normalized Ricci potential, from above as in Proposition 5.5. The only difference 
is that we need to use the fact that uj is basic and use the transverse diameter to 
replace the diameter in Proposition 5.5. We can sketch the proof as follows. By 
Lemma 5.4, we know that 

\V^/uj+2B\ < C. 
Since Uj is basic with respect to {M.^j-Hj)- then for any y,z 

^Juj{y,t) + 2B - ^Uj{z,t) + 2B < Cd^ (y, z). 

Let Uj{x,t) = m.mMu{y,t). Note that Uj{x,t) < C for some uniformly bounded 
constant C by the normalized condition (5.2). It implies that 

^Jujiy,t)+2B < Cdl^,){x, y) + C. 

This gives a uniform upper bound for Uj{t), hence a uniform upper bound for Rj 
and |Vmj|. By Proposition 7.3, for any t e (0, cxd), gj{t) — >■ go{t) for j large enough, 
hence Rj Rq, \Vuj\ -j> IVuqI. 

Now we prove that the diameter is uniformly bounded along the Sasaki-Ricci 
flow. Recall that there are at least n + 1 close orbits on a compact K-contact 
manifold ([54, 55] ). Hence we can suppose that {M,^,g) has a close orbit O of 
5. Since {M,^j,gj) — )• (A'/,^,go)j we can find an orbit Oj of on {M,^i,gi) whose 
length converges to the length of O, hence the length Oj is uniformly bounded. Note 
that the transverse diameter is also uniformly bounded along the Sasaki-Ricci fiow 
for {M,^i, gi). This proves that the diameter is also uniformly bounded along the 
Sasaki flow for {M,^i,gi). By Proposition 7.3 again, this implies that the diameter 
is uniformly bounded along the Sasaki-Ricci flow for {M, ^, g). 

□ 

8. Compact Sasakian Manifolds of Positive Transverse Holomorphic 

BisECTioNAL Curvature 

In this section we consider compact Sasakian manifolds with positive transverse 
holomorphic bisectional curvature. Transverse holomorphic bisectional curvature 
can be deflned as the holomorphic bisectional curvature for transverse Kahler metric 
of a Sasakian metric and it was studied in a recent interesting paper [71]. We recall 
some definitions. 

Definition 8.1. Given two J invariant planes ai, a2 inV^ C T^M, the holomorphic 
bisectional curvature H'^{ai,a2) is defined as 

H^{ai,a2) = {R^{X,JX)JY,Y), 

where X G ai,Y G a2 are both unit vectors. 

It is easy to check that {R^{X, JX)JY, Y) depends only on CTi, a'2, hence H'^{ai,a2) 
is well deflned. By the first Bianchi identity, one can check that 

{R^{X,JX)JY,Y) = {R^{Y,X)X,Y) + {R^ [Y, J X)J X,Y) . 

It is often convenient to treat (transverse) holomorphic bisectional curvature in 
(transverse) holomorphic coordinates. Suppose u,v G V are two unit vectors and 
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let (Ju,Ov be two J- invariant planes spanned by {«,, Ju} and {v,Jv} respectively. 
Set 

U=]-{u- ^Ju) ,V=]-{v- ^Jv) . 



2 ' _ _ 2 
Denote R^{V, V; U, U) = {R^{V, U)U, V), then we have 

(8.1) R^{V, V; U, U) = \H^{au, a.). 

Definition 8.2. For x e M, the transverse holomorphic bisectional curvature 

is positive (or nonnegative) at x if H'^{o'i,a2) is positive for any two J in- 
variant planes 01,02 in Vx- M has positive (nonnegative) transverse holomor- 
phic bisectional curvature if is positive (nonnegative) at any point x G M; 
equivalently, positivity of transverse holomorphic bisectional curvature means that 
R'^{V, V; U,U) > for any V,U GV^ C T^M and all x G M. For simplicity, we 
shall also use the notations RF > and R^ > 0. If a tensor field S has the exact 
same type as R^ , we can also define its positivity in the same way. If S and T have 
the same type as R^ , then S > T if and only if S ^ T >{). 

It is also useful to consider the transverse holomorphic bisectional curvature 
locally. Recall that there is an open cover {Ua} of M, \^ c C", submersions 
TToi '■ Ua ^ Va such that 

is biholomporphic on Ua D Up. And the transverse metric is well defined on 
each Ua. Note that is a genuine Kahler metric on Va and we can identify the 
transverse holomorphic bisectional curvature of the Sasakian metric g on Ua with 
the holomorphic bisectional curvature oi g]^ on each Va. Hence that R^ is positive 
is equivalent to that i?J is positive for all a. Moreover, a Sasaki-Ricci flow solution 
on M induces a Kahler-Ricci flow solution on Va for each a. With this relation 
we can sec that the positivity of (transverse) holomorphic bisectional curvature is 
preserved under the Sasaki-Ricci flow, by extending the results for Kahler-Ricci 
flow. 

For 3-dimcnsional compact Kahler manifolds, S. Bando [1] proved that the posi- 
tivity of holomorphic bisectional curvature is preserved along the Kahler-Ricci flow. 
This was later proved by N. Mok [42] for all dimensions. As a direct consequence 
of their results, we can get the same property of transverse holomorphic bisectional 
curvature along the Sasaki-Ricci flow. 

We consider the evolution equation of R^ along the Sasaki-Ricci flow, and we 
denote 

(8.2) ^=A''R^ + F{R^) + R^, 
where in the local transverse holomorphic coordinates, 

-^Re (R-ljiRlaisff + Rln^l^aixB) ■ 

Since g^ is a genuine Kahler metric on Va and it is evolved by the Kahler- 
Ricci flow, then (8.2) follows from the standard computations in Kahler-Ricci flow. 
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For any tensor S which has the same type as , we can also define F{S) as in 
(8.3). As in Kahler case, F{S) satisfies the following property, called the null vector 
condition. 

Proposition 8.3 (Bando; Mok). If S > and there exist two nonzero vectors 
X,Y€ pi'O such that Sp{X,X;Y,Y) = 0, then Fp{S){X,X;Y,Y) > 0. 

Proof. Note that this is purely local problem and so wo can deal with this problem 
for transverse metric on local coordinates Va- Let p £ Ua C M such that 
7r{p) S Va, where Ua and Va are local coordinates introduced in Section 3. Then 
is evolved by Kahler- Ricci flow on Va- Hence F{R'^) restricted on Va is exactly 
the same as in Kahler case, hence has the formula as in (8.3); see [42] (6) for 
example. Then the proposition follows from the results of Bando [1] (complex 
dimension three) and Mok [42] (all dimensions) in Kahler case, see Section 1.2 in 
[42] for details. □ 



Then wc can get that 

Proposition 8.4. Along the Sasaki-Ricci flow, if the initial metric has nonneg- 
ative transverse holomorphic bisectional curvature, then the evolved metrics also 
have nonnegative transverse holomorphic bisectional curvature; if the initial trans- 
verse holomorphic bisectional curvature is positive somewhere, then the transverse 
holomorphic bisectional curvature is positive for t > 0. 

Proof. With Proposition 8.3, the result follows similarly as in Proposition 1 in [1], 
where Hamilton's maximum principle for tensors was used in Kahler setting. The 
only slight difference is that the auxiliary function should be basic in Sasaki case. 
We shall sketch the proof as follows. 

It is sufficient to prove the proposition for a short time, thus we consider it in a 
short closed interval without specification. In particular, all metrics evolved have 
bounded geometry, namely, they are all equivalent and have bounded curvature 
(and higher derivatives are bounded also). First we define a parallel tensor field 
as in local transverse holomorphic coordinates 



SofjkT = 2 [9i-j9ki+ 9ii9kj ) 



where So has the same type as R^ and So > everywhere in the sense of Definition 
8.2. Then there exists a positive constant C e M such that 

-CSo < ^ < CSo. 
at 

When / is a basic function, then fSo also has the same type as R^ and so 
F{R!F + fSo) is well defined. It is clear that F{S) is smooth for S, hence there 
exists a positive constant D such that 



F(i?^) > FiR-^ + fSo) - D\f\So, I/I < 1. 
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Now we consider the tensor + efSo for some small positive number e and time 
dependent function f{t,x). We compute, if / is basic for all t, 

+ eofSo) =AR^ + F{R^) + R^ + e|^o + ef^ 



(8.4) 



=AiR' + efSo) + F{R' + efSo) + R' + efSo 
+ ^[%- A/) So + F{R'^) - F{R^ + efSo) 
( dSo „ 

>A(i?^ + efSo) + F{R^ + efSo) + R^ + efSo 
+ eSo(^^-Af-{C + D + l)f 
Let /(O, •) = 1 and let f{t, x) satisfy the equation 

^-Af-{C + D + l)f = l. 
In local coordinates, we can write 

Af = ef + Sd,d-,f. 
Clearly, fo^ = and £ can commute with di,d:j when taking derivatives. So we 

1J J 

have 

^(A/) = A(C/). 

Hence ^/ satisfy the equation 

^ = A{^f)-{C + D + l)^f. 

By the maximum principle, ^/ = since ^/ = at f = 0. Hence (8.4) is justified. 

Moreover it is clear / > for i > 0. Since i?^ > at f = 0, i?'^ + e/S'o > at 
t = 0. Now we claim R^ + efSo > for all t and small e. If not, there is a first 
time to such that R^ + efSo{X, X, Y,Y) = at some point (fo,p) for some nonzero 
vectors X,Y E T)^'^ and i?"^ + e/S'o > for t < to- We now consider the problem 
locally on Va and let Xa = n^{X),Ya = n^{Y) G T^'^V^. We can extend Xa,Ya 
as follows. At t = to, we extend Xa,Ya to a normal neighborhood of {to,TT{p)) in 
[0, to] X Va by parallel transformation along radial geodesies of at (to, 7r(p)) such 
that \/Xa = VYa = at [to, t^{p)), and then we extend Xa, Ya around to such that 
dtXa,dtYa = 0. We can then compute, at {to,p), 

^{R^ + efSo){Xa,Xa,Ya,Ya)= (^^ (i?^ + e/S'o)) (X„,X„,y„,^a) < 0, 

and 

< A ((i?^ + e/^o)(^a, ^a, Ya, %)) = (A(i?^ + e/5o))(X„, X„, F„, F„). 
But by (8.4), we get 

0> (^^(i?^ + e/5o)) {Xa,Xa,Ya,Ya) 

> {A{R'^ + efSo)){Xa,Xa,Ya,Ya)+eSo{Xa,Xa,Ya,Ya)>0, 
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since F{R^ +efSQ) satisfies the null vector condition and {R'^+efSo){X, X, Y, Y) = 
0. Contradiction. Now lot e ^ 0, we prove that > for all t. 

The proof for the last statement of the proposition is also similar. But we 
shall choose the function / more carefully. Recall R^ > and R^ is positive 
somewhere, at t = 0. We can define a function fo{p) = min Rp{X,X,Y,Y) for 
p € M,X,Y G 2?p'°, l-^l = \Y\ = 1. It is clear /o is nonncgative and cannot be 
identically zero. Since ^ acts on g isometrically, /o is constant along any orbit of ^. 
Hence ^/o = is well defined. Similarly we compute 



Q-^{R' - .fSo)>A{R' - ,fSo) + FiR' - fSo) + + Af - (C + D)\f\j So. 

We choose /(O, •) = /□ such that 

^ = Af-{C + D)f. 

Note that = since ^/o = 0. By our choice of /, i?^ - fSa > at t = 
and by the similar argument as above, we can get that R^ — fSo > 0. If we let 
/ = e~('-'+^^*/, then we can get that 

dt ■' 

We then get / > for t > 0, hence f{t) > when i > 0. It follows that i?^ > for 
t > 0. This completes the proof. □ 

Then we study the Sasaki-Ricci flow for the metric with transverse holomorphic 
bisectional curvature. We have 

Theorem 8.5. Suppose (M, ^, g) is a Sasakian structure such that g has nonncg- 
ative transverse holomorphic bisectional curvature then the Sasaki-Ricci flow with 
initial metric g exists for all time with bounded curvature and it converges to a 
Sasaki-Ricci soliton {M,^ao,9oo) subsequently. 

Proof. Since the transverse holomorphic bisection curvature becomes positive along 

the Sasaki-Ricci flow, then the transverse holomorphic bisectional curvature is then 
bounded by its transverse scalar curvature, which is bounded along the flow by 
Theorem 7.1. Hence the transverse sectional curvature defined by g^ is bounded. 
It follows that the sectional curvature of g for any two unit vectors X,Y E V is 
then bounded by (3.5). Moreover, by the definition, the sectional curvature of g 
for any two plane in TM containing ^ is 1, hence the sectional curvature of g is 
uniformly bounded along the Sasaki-Ricci flow. Moreover the diameter of M is 
uniformly bounded and the volume is fixed along the fiow. It is well known that 
the Sobolev constants and the injectivity radii are uniformly bounded along the 
flow. Hence for any ti oo, there is a subsequence such that (M,g{ti)) converges 
to a compact manifold {M,^^,g^) in Cheeger-Gromov sense. Namely there is a 
sequence of diffeomorphisms such that ^*g{ti) converges to ^oo; if necessarily, 
after passing to a subsequence. And 5';*^ and '^*ri{ti) converge to ^oo, Vca as tensor 
fields, which are compatible with g^ such that {M,^oot goo,V<x>) defines a Sasakian 
structure. 

To imdcrstand the structure of the limit metric, we recall Hamilton's compact- 
ness theorem for Ricci fiow, which applies to the Sasaki setting provided that the 
curvature, the diameter and the volume are all uniformly bounded. For any ti — >■ oo. 
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we consider the sequence of Sasakian-Ricci flow {M,g{ti + t)). Then after passing 
to some subsequence, it converges to the hmit Sasaki-Ricci flow {M,goo{t)). As in 
Kahler setting [57], one can prove that the hmit flow is actually one parameter 
family of Sasakian-Ricci solitons evolved along the Sasaki-Ricci flow. First observe 
that along the flow, the fi functional is uniformly bounded from above. Let u{t) be 
the normalized (transverse) Ricci potential, then 

M{g{t),l)< [ e-^iR'^ + u+\Vu\^)dVg^t^<C 

J M 

for some uniformly bounded constant C since , \u\ and |Vu| are uniformly 
bounded along the flow. And fi{g{t), 1) is increasing, hence limt^oo ^J■{9{t), 1) exists. 
This implies that the /i functional for (M, ^oo, 5oo(i)) is a constant. To show .9oo(i) 
is a Sasakian-Ricci soliton, first we assume that for some T € (0,00), fj,{goc{T), 1) 
has a smooth positive minimizer Wq (we are using the form of (4.28)), then consider 
the backward heat equation for wq such that 

= -Aw + (i?^ - n)w, w{T) = wo. 

As in Proposition 4.8, w{t) is smooth and positive. In particular, yV{goo(t), w{t), 1) 
is increasing for t G [0,T]. Hence wc get fi{gco{t),l) < W{gooit)jw{t),l) < 
m(6'oo(T), !)• But fi{goo{t),l) is constant along the flow. This implies that w{t) 
minimizes W{goo,w{t), 1). In particular, let f{t) = —log'w{t), then we have 

(8-5) ^Wig^{t),f{t),l) = 



for t G [0,r]. By Proposition 4.4, wc get that, for any t G [0,r], 

^ooij + fij ~ 9ooij — 0' fij — ^■ 



In general, let wq be a nonnegative minimizer in Wg'^ for iJ,{gao{T), 1). Let 'w{t) 
be the solution of the backward heat equation 

— = -Aw + (R^ - nT~^)w 
at 

such that w{T) = wq- The standard parabolic regularity theory implies that w(t) G 
C°°. By Proposition 4.8, w(t) > for i G [0,r). It is clear that w^t) can never 
be identically zero, hence w{t) > for all t G [0,T). Note we can repeat the 
argument above to get that w{t) minimizes ^{goo{t),l) and that {M,goc{t)) is a 
Sasaki-Ricci soliton for any t G [0,T). Hence {M,gao{t)) is a Sasaki-Ricci soliton 
for any t G [0, 00). □ 



Remark 8.6. On Riemannian surfaces, there exists nontrivial Ricci soliton with 
positive curvature on sphere with orbifold singularity [68, 17]. Note that this corre- 
sponds to the case of quasi-regular Sasakian metric on wighted 3 sphere with positive 
(transverse) bisectional curvature, in particular the limit soliton does not have to 
be transverse Kahler- Einstein. R would be very interesting to classify Sasaki-Ricci 
soliton with positive transverse bisectional curvature. I am grateful to Xiuxiong 
Chen and Song Sun for valuable discussions on this topic. 
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9. Appendix 

We summarize some results for Sakakian manifolds with the positive transverse 
bisectional curvature. The topology of compact Sasakian manifolds with positive 
curvature in suitable sense are well studied, for example see [27, 46, 63, 64, 5]. 

First we need several formulas about basic forms on Sasakian manifolds. All 
these formulas arc similar as as the corresponding formulas in the Kahler setting, 
see Morrow-Kodaira [45] for the corresponding Kahler version. 

Proposition 9.1. Let cj) = (j}ji^QdzA A dz§ he a basic {p,q) form on a Sasakian 
manifold {M,^,g). Then 

d(j) = \/f (j)j^gdzi A dzA A dzg, 
d(j) = yJcpAgdZj A dzA A dz§. 

Proof. We have 

"^ffpAB = 9i(t>AB — ^iak^ai---ak-iaak+i-apB 

Note that F^"^^ = F^^^ (F is symmetric on i and ak ), while dzi A dzA A dz§ is 
skew-symmetric on dzi and dza^ ■ Hence 

(pjngdzi A dzA A dzj^ ~ di(j>ABdzi A dzA A dz^ = dcj). 

Similarly we can get the formula for dcj). □ 

Proposition 9.2. Let {M,^,g) be a compact Sasakian manifold. Then 

(9.1) = (0,a^^),/or0 e e n^,", 

{dBct),^^) = {(l),dB^),for(j)€ V G ^B- 

In particular, we have 

dii'AB = -{-^rS^ii^A-jB^ 

where € n^^'^+K 

Proof. The formulas in (9.1) arc well known, sec [33] for example (the authors deal 
with only real forms in [33]. But it is a straightforward extension to complex forms). 
For the sake of completeness, we include a proof of the first identity in (9.1), see 
[45] for the Kahler setting for example. By definition 

(9b0,i/')= / 9s'/' A *bV5 A 77. 
Jm 

Let $ = A G Hence = and d$ = ds^ = Bb^- Note that 

dr] = y^^gjjdzi A dzj G ^b^- We have 

d{^ At]) = Adri + ds^ A 77 = A r]. 

It follows that 

0= / dB^Av= I aB0A*s^ Ar?+ (-l)f+«-^ / 4> aBb *b i) Ar]. 
Jm Jm Jm 
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Hence 



M 



/ (j) A *b{-1) *B Ob *B ip /\ri 



= (0,a*v). 

Note that *b can be characterized by 

ct>A*B^= ^ = det{gf.)dZ A dZ 
for basic forms. Then we have, for basic {p, q) forms (j) = (pj^gdzA A dz§ and 

(9.2) (</',V')= / <t>ABi^9T^9T''dvolg. 

To compute dgip, let </> = ^^^dz^ A dz§ be a basic (p, g) form and = '4'cDo'^zc A 
d^Tjjjj be a basic (p, + 1) form. We denote Do = iD and Bq = jB. Then we have, 



{dBCl>,i>)= [ {-irWj<l>ABi^CDo9T^9?''^"dvol 
J M 



□ 



= -(-1)^ / ^AB^Ji^cw9T^9?^9pvolg 
Jm 

= (0,9|,^). 
Using (9.2) and the above, we can get that 

9%tpcD = -{-W9T^3^CiD- 

Then we have the following, 
Proposition 9.3. Let $ = ^ji^gdzji A dzg be a basic {p,q) form. Then we have 

(9.3) Aa$^^ = -sivf vJ$^B - E(-i)'^^[vr, V^]4>^.^^...^^...^^. 

k 

Moreover, when $ = ^gdz^ is a basic (0, q) form, we have 

(9.4) As^s = -5^ Vf Vf $B + E Rr0,^0.---h-.m,.---0, 

k 

Proof. Recall Ag = BbB^ + B'^Ob- (9.3) follows from the direct computation with 
Proposition 9.1 and 9.2 and (9.4) is a direct consequence of (9.3). Note that we 
can consider this problem locally involved with transverse Kahler metric onVa- 
By Proposition 9.1 and 9.2, dB,dg can be viewed as the corresponding operator 
of the Kahler metric g^onVa- Hence the computation of Ag on basic forms has 
the same local formula as the corresponding formula in the Kahler setting, with 
the Kahler metric replaced by the transverse Kahler metric (see [45] Chapter 2, 
Theorem 6.1 for the Kahler setting; note that there is a sign difference in [45] for 
with ours). □ 
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Proposition 9.4. Let {M,g) he a compact Sasakian manifold of dimension (2n+l) 
such that Ric^ > and Ric^ is positive at one point. Then 

bi{M) = bf =0. 

Moreover, we have the following transverse vanishing theorem 

Hi'\j^^) = H°''^{J^^) = 0,q =!,■■■ ,n. 

Proof. The statement bi (M) = is proved by Tanno with the assumption Ric + 
2g > (sec [64] Tlieorcm 3.4). Given tliat Ric^{X,Y) = R,ic{X,Y) + 2g{X,Y) for 
X,Y eV, R.ic{i, ^) = 2n, i?ic(C, X) = 0, X e V, then Ric'^ > is equivalent to 
Ric + 2g > 0. When {M,g) is assumed to be positive Sasakian structure, Boyer- 
Galicki-Nakamaye [5] proved bi = 0, and also proved the vanishing theorem when 
(M, g) is quasi-regular. We would use the transverse Hodge theory to prove that 
H]j{T^) = and we know that iJi(M,R) « H^ei^i) (see [4], page 215 for example). 
Suppose w = Wfdzi is a basic harmonic (0, 1) form. Then by Proposition 9.3 we 
have 

^em = -g'^VjVjwi + Rlfup = -g'SVjVjwi = 0. 
It then follows that 

/ RljWpWi-gi^VjVjwiWi = - [ gf^VjVfwrwi = 0. 
Jm Jm 

Hence 

/ RjjWpWi + lVfwil^ = [ \\/Jwr\^ = 0. 
Jm Jm 

This implies that wj = and R'^j-WpWj = 0. Since Ric'^ > and it is positive at 
some point p, it follows that Wi{p) — 0. Hence wi = 0. It follows that = b^^^ = 0. 
Hence bg = 0. Now we prove b'g^ = g > 1 in the similar way. Suppose 
$ = ^^dzg is a harmonic (0, q) form. Then by Proposition 9.3 we have, 

k 

It then follows that 

/ Rrp,^p,...p,_,,p,^,...p^w^^ + \yf'^>B\'= [ |vf$Bp = o 

J M J M 

By the positivity assumption on RicF , we can get that $3 = 0. □ 

Proposition 9.5. Let {M,g) be a compact Sasakian manifold of dimension (2n-|-l) 
such that the transverse bisectional curvature R^ > and it is positive at one point. 
Then 

62(M)=0,6f(J-5) = l. 

Proof. First we have 61 (M) = bf = 0. Note that we have the following exact 
sequence (see [4], page 215 for example) 

= H\M,R) M ^ Hl{J^^) H'^{M,m) Hl{T£) = 0. 

It follows that &2(M) = &f — 1. Now we shall use the transverse Hodge theory to 
show that = 1 if the transverse bisectional curvature is positive. By Proposition 
9.4, we have = = 0. Now we prove = 1 (see [28] for the Kahler setting). 
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Let ip — 4'kidzk A dzf be a basic harmonic (1, 1) form. Then by Proposition 9.3 we 
have 

Choose an orthonormal frame such that = Skitpkk' then we get 

i<j 

and 

By the positivity assumption on R^--^^, it then follows that V^'^ = and = tpjj 
at some point p for all Hence ijj = Xdrj for some constant A. Hence = 1. □ 

If (M, g) is Sasaki-Einstein and (M, g) has positive transverse bisectional curva- 
ture, then {M,g) has to be a space form with positive curvature 1. 

Proposition 9.6. // (M,g) is a Sasaki- Einstein metric such that the transverse 
Kdhler structure has positive holomorphic bisectional curvature, then {M,g) has 
constant sectional curvature 1. 

Proof. When {M,g) is a Kahler manifold such that the bisectional curvature is 
positive and g is Kahler-Einstcin, then Bcrgcr [3] and Goldberg-Kobayashi [28] 
proved that g has constant bisectional curvature. In the Sasakian setting, if (M, g) is 
Sasaki-Einstein with positive sectional curvature, then (M, g) has constant sectional 
curvature 1 (c.f Moskal [46] and [4] Chapter 11). 

Here we follow Chen-Tian's argument [16] in Kahler setting using the maximum 
principle to prove that the transverse Kahler metric g^ has constant transverse 
bisectional curvature. One can easily get that the sectional curvature of g is 1 for 
a Sasaki-Einstein metric if its transverse Kiihlcr metric g^ has constant transverse 
bisectional curvature, 

Rjjkl = '^i9fj9kl+ dildkj)- 
Suppose that g is a Sasaki-Einstein metric and g'^ is transverse Kahler Einstein 
with positive transverse bisectional curvature. Then we can apply the argument of 
the maximum principle as in [16] (Lemma 8.19) to the Sasakian case to show that 
has constant transverse bisectional curvature. The compactness of M is only 
needed to find a maximum (or minimum) of auxiliary functions. After that we can 
do all computations locally on some Va- Only the transverse Kahler structure is 
involved. Hence the argument in [16] is applicable and the details to the Sasakian 
case can be carried out as in Proposition 8.4. We shall skip the details. It is clear 
that if we only assume that the transverse bisectional curvature is nonnegative and 
it is positive at one point, we can get the same conclusion. 

□ 

With the result in [71], one can actually prove 

Proposition 9.7. // {M,g) is a Sasakian metric with constant scalar curvature 
and positive transverse bisectional curvature, then (M, g) has constant transverse 
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bisectional curvature. In particular, there is a D-homothetic transformation such 
that g = ag + a{a — l)r] r] has constant sectional curvature 1 for some a> 0. 

Proof. In [71] , X. Zhang proved that (M, g) is transverse Kahler-Einstein. We can 
actuaUy give a simple proof of this fact as follows. Since g has positive transverse 
bisectional curvature, by Proposition 9.5, &f (J^^) = 1. If the transverse scalar 
curvature is constant, we have 

^d*p^ = -[A, d]p^ = a(Ap^) = dR'^ = 0, 

hence the transverse Ricci form is a harmonic form, and it is a basic (1, 1) form. If 
^ii^i) = 1) then = R^dr]/2, hence it is a transverse Kahler metric with constant 
transverse Ricci curvature. As in Proposition 9.6, one can further show that g^ 
has constant transverse bisectional curvature. Since i?-^ > and g"'" is transverse 
Kahler-Einstein, it is well known that after a D-homothetic transformation such 
that g = ag + a{a — l)ri (g) rj foe some a > 0, .g is Sasakian-Einstein. Since g^ is 
just a rescaling of g^ ^ it has constant transverse bisectional curvature. Hence by 
Proposition 9.6, g has constant sectional curvature 1. It is clear that if we only 
assume that the transverse bisectional curvature is nonnegative and it is positive 
at one point, we can get the same conclusion. □ 

We then discuss the minimizers of W functional as in (4.28). We finish the proof 
of Theorem 4.6. 

Proof. The existence of a nonnegative minimizer is almost identical as in [52] , Sec- 
tion 1. To prove actually wq satisfies (4.30), we follow [51, 52] with a slight modi- 
fication. We consider the function L(e), as in [51], for any u e W^b'^ fixed, 

L{e) = L{wo+eu) = log / {wo+eufT-"-+ ( [ {wq + eufr'A yV{g, Wo+eu, r). 
Jm \Jm ) 

Then it is straightforward to check that L{e) has a minimum at e = 0. Taking 
derivative of L{e) at e = 0, then we get, for any u e , 

(9.5) / (wologwo - -R^^o + /"(fl')T)«^o)w - 4(Vwo, Vu) = 0. 

Jm 

If we assume wq is smooth (hence wq e C^), then we get 

(4A-u;o + logwo - -R^wo -I- p,{g, t)wq)u = 

M 

for any u E VK^'^, in particular, for any u <E C^. Note that if u G such that 
Jj^ uv = for any u G C^, then v = 0. Hence if wq is smooth, then it follows that 
Wq satisfies (4.30). If wo is not smooth, we consider the equation 

Ah = l/4(wologwo - R^wo + p{g,T)wo) := Aq. 

It is clear that there exists a unique solution (up to addition of a constant) since 
we can get, by taking u = 1 in (9.5), 



/ 

J A 



/ Wo log wl - R^wo + nig, t)wo = 0. 
Jm 



By an approximation argument, it is clear that h G since wq G Wq and 

R^ G Cg'. Actually let Wk wo in W^''^ such that Wk G C^, then we would get 
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a sequence of solution of hk G such that 

Ahk = l/4^{wk logwl - R^Wk + n{g,T)wk) := Ak- 

By Sobolev inequality, we can assume that Ak — *• Aq in L^, p = 2(2n+l)/(2n— 1)— e, 
for any small e > 0. We can assume;, for each k, 

[ h = [ hk=0. 
Jm Jm 

Then apply the standard elliptic regularity theory to A{h — hk) = Aq — Ak, we 
know that 

11^ - hkWw-^.P < C\\Ao - Ak\\Lp- 
In particular, hk ^ h in W^'^, hence h € Wg^. Now using (9.5) again, we can get 
that for any u G C^, 

/ {h-wo)Au = 0. 

We claim that h — wo is a constant. Let Uk € be a sequence of smooth function 
such that Uk h — wq in W^'^. Then we get that 




{h — wo)Aufe = 0. 



It then follows 

/ {V{h-wo),Vuk) =0. 
Jm 

Hence we have, letting ^ oo, 

/ \V{h-wo)f=0. 
Jm 

Hence h — wq is a constant and wq satisfies 

(9.6) AAwq = Wo log wl - R^wo + i^{g, t)wq. 

It then follows the well-know De Giogi-Nash theory that wq € L°°, and then by 
theory, wc can get the further regularity wq G M-^^'P for any p > 1. Furthermore, 
once wc show that wq actually satisfies (9.6) almost everywhere, we can apply 
Lemma on page 114 ([52]) to get that wq > 0. Rothaus only stated this result in 
[52] for minimizers of (4.28) in W^''^; but his proof only requires the equation (9.6). 
Hence we can get wq > 0, and then it follows that wq is smooth. □ 

Remark 9.8. In the present paper, we actually do not really need the fact that wq 
is positive and smooth. 
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